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Abstract
The problem of imputing missing entries of a data matrix is easy to state: Some entries of
the matrix are unknown and we want to assign "appropriate values" to these entries. The
need for solving such problems arises in several applications, ranging from traditional ields
to modern ones. Typical examples of traditional ields are statistical analysis of incomplete
survey data, business reports, operations management, psychometrika, meteorology and hydrology. Modern applications arise in machine learning, data mining, DNA microarrays data,
chemometrics, computer vision, recommender systems and collaborative iltering. The problem is highly interesting and challenging. Many ingenious algorithms have been proposed, and
there is vast literature on imputing techniques. Yet, most of the papers consider the imputing
problem within the context of a speci ic application or a speci ic approach. The current survey
provides a broad view of the problem, one that exposes the large variety of imputing methods.
Old and new methods are examined with focus on the ideas behind the methods. It is illustrated how simple ideas evolve into highly sophisticated algorithms. The review enables us to
identify a number of basic concepts and tools which are shared by several imputing methods.
Equivalence theorems that we prove reveal surprising relations between apparently different
methods.
Keywords: Imputing; Missing data; Matrix completion problems; Low-rank approximations;
Nearest neighbors; Iterative SVD; Least squares methods; Rank minimization; Nuclear norm
minimization; Error assessment; Training set; Probe set; Cross-validation; Rank determination
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1

Introduction

Let A be a given m × n real data matrix. That is, the entries of A are obtained by some real life
process, such as physical measurements, experiments, commercial surveys, business reports,
etc. The problem discussed in this paper arises when some entries of A are "missing". That
is, the values of these entries are unknown. One dif iculty in handling such matrices stems
from the fact that many models and matrix algorithms require a complete set of data. Thus,
even one missing entry may prevent us from using the collected data. In such a case it is often
desired to assign "appropriate values" to the missing entries. Once all the missing values are
imputed, the matrix can be analyzed and processed by any standard method. The task of imputing missing values is, therefore, to design an algorithm that substitutes appropriate values
in the missing entries of A. Other common names of this task are "missing value estimation",
"completing missing entries", "matrix completion", "recovering", "reconstructing", etc. The
main question is, of course, what is an appropriate value? One feature that makes imputing
both dif icult and interesting is that there is no ultimate solution to this problem. Indeed, in
many cases the answer depends on the origin of the data, on known properties of the data,
and the applications intended for the data.
The need for completing missing entries of a data matrix comes up in a broad range of
areas. Many algorithms have been proposed and there is vast literature on this issue. The
statistical treatment of missing data is a relatively mature area which preceded most of the
other ields. See Section 16. Other "traditional" ields include Business Reports, Operations
Management, Psychometrika, Hydrology and Meteorology, Biology and Medicine. Detailed
references to these applications are given in Table 5.
Recently the problem has emerged in a number of new areas. One such example is completion of DNA microarray data matrices. In these matrices each row presents a different gene,
each column refers to a different sample (or a different experimental condition), and the entries in a certain row provide the gene's expression levels in n different samples (or under n
different experimental conditions). An important feature of microarray data matrices is that
the rows of the matrix can be clustered into groups of similar rows. That is, groups of genes
that show similar expression patterns under a variety of experimental conditions. It is this
property that enables the identi ication of certain types of cancer and other diseases. However, the number of clusters, their characterization, and the level of similarity within each
cluster, are not known in advance. These questions are answered by applying a "clustering"
algorithm that is able to reveal such features. Indeed, clustering algorithms turn out to be an
important tool in studying and analyzing microarray data. Most of the clustering algorithms
require a complete matrix as input. Yet in practice gene expression data frequently contain
missing values, which raises the need to apply an imputing algorithm before starting the clustering analysis. See Table 5 for detailed references on these applications.
Another recent area comes from Computer Vision applications, such as Object Recognition
and Structure From Motion (SFM). Consider, for example, the recovery of 3D structure from
a video clip. As explained in [117], here the observation matrix collects 2D trajectories of
projections of feature points. In real life video clips these projections are not visible along
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the entire image sequence, due to occlusion and limited ield of view. Thus, the observation
matrix has missing entries. The recovery of these entries is often achieved by computing a
low-rank matrix that best matches the known entries. For detailed discussion of Computer
Vision and SFM applications that require matrix completion see [44, 117, 134, 135, 264] and
the references in Table 5.
The ield of Recommender Systems and Collaborative Filtering is, perhaps, the most celebrated example of a new ield which requires the solution of huge imputing problems. The
name collaborative iltering refers to methods used by recommender systems. See Table 5 for
references. The public interest in this ield has been raised by the Net lix prize competition
[20, 92, 203, 256]. The Net lix matrix provides the data for a movie recommendation system.
The rows correspond to viewers, the columns to movies, and the (i, j) entry (if known) provides the rating of viewer i to movie j. There are about 480,000 viewers and 18,000 movies,
where the average number of movies rated by one viewer is about 200. The known rates are
integers in the range 1 to 5, but the computed rates are not forced to be in a certain range. The
task is to compute the unknown entries of the matrix. The organizers of the competition are
reserving another 3 million ratings as a "test set", which is unknown to the public. The test
set is used to de ine a target function, based on an RMSE criterion.
Another well known matrix completion problem is related to the Jester matrix [105, 180,
257, 261] which contains rates of jokes. Similar commercial recommendation systems are
used by MovieLens [49, 198, 257, 261], Tivo [7], Amazon [171], CDnow (www.cdnow.com),
Barnes and Noble (www.barnesandnoble.com), and Apple. Further examples of new ields
which require matrix completion are Chemometrics, Data Mining, Information Retrieval and
Machine Learning. See Table 5 for detailed references.
However, this paper is not about applications. It is about imputing methods, and the motivation behind these methods. Although there is a huge amount of literature on imputing
methods, most of the papers consider the problem within the context of a speci ic application
or a speci ic approach. In the statistical literature there is a number of review papers and
books on analysis of incomplete data, e.g., [10, 64, 173, 230, 236]. But outside the statistical
world it is dif icult to ind such works. The coming survey provides a broad view of the problem, one that exposes the large variety of imputing methods. The focus is on the ideas behind
the methods, the ways these ideas are converted into matrix algorithms, and the properties
that characterize each method.
The paper is intended to serve a broad spectrum of readers. On one end it is written for
readers who are not familiar with the imputing problem. An attempt is made, therefore, to
give a clear exposition of the methods, and a self-contained presentation of the necessary
background theory. For this purpose we derive several new proofs which are based on elementary linear algebra. On the other end of the spectrum the review might be helpful to
expert readers, who conduct research in a speci ic imputing area and want to compare their
approach with existing works in other "communities". (An inspection of the literature shows
that the ield of imputing methods is divided into several "communities", where each community concentrates on a certain application, or a certain solution approach, and uses a different
terminology.) Thus another aim of the paper is to put the main ideas and methods on one plat103
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form (the numerical linear algebra platform) and to see how the basic ideas move between the
communities. To reach this goal we derive equivalence theorems that reveal surprising links
between apparently different methods. Other readers who might bene it from the paper are
practitioners who want to decide which algorithm to use on their data. The paper presents a
large variety of imputing methods, where for each algorithm it considers the type of problems it intended to solve, the main computational steps, and related references. The inal choice
depends on the nature of the data at hand, the size of the matrix, the percentage of missing entries, and so forth. Thus, although we are unable to give speci ic recommendations, the paper
provides some useful guidelines for choosing an algorithm.
It is assumed throughout the paper that A = (aij ) is a real m × n matrix, that some entries
of A are missing, and that m ≥ n. (Otherwise, when A has more columns than rows, replace
A with AT .) As we shall see, several methods achieve imputing by constructing a low-rank
approximation of A. Let k denote the rank of the desired approximation, and let
Bk = {B|B ∈ Rm×n , rank(B) ≤ k}
denote the set of all real m × n matrices, B = (bij ), whose rank is at most k. Then often the
computed rank-k approximation attempts to solve a least squares problem of the form
∑
(aij − bij )2
minimize F (B) =
(i,j)∈Ω
(1.1)
subject to B ∈ Bk ,
where
Ω = {(i, j) aij is known }.
That is, the sum in (1.1) is restricted to known entries of A. Let Bk∗ denote a computed solution
of (1.1). Then the missing entries of A attain the values of the corresponding entries in Bk∗ .
Let the matrix operator PΩ be de ined in the following way. Given two matrices Y = (yij ) ∈
m×n
R
and Z = (zij ) ∈ Rm×n , the equality Z = PΩ (Y ) implies
zij = yij when (i, j) ∈ Ω and zij = 0 when (i, j) ∈
/ Ω.
With these notations at hand (1.1) can be rewritten as
minimize F (B) = ∥PΩ (A) − PΩ (B)∥2F
subject to B ∈ Bk ,

(1.2)

where ∥ · ∥F denotes the Frobenius matrix norm. For the sake of clarity we mention that the
Frobenius norm of a matrix Y = (yij ) ∈ Rm×n is de ined as
m ∑
n
(∑
)1/2
∥Y ∥F =
(yij )2
.
i=1 j=1
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One motivation behind the above approach comes from the following observations. If A
has no missing entries then (1.1) coincides with the Eckart--Young minimum norm problem
minimize F (B) = ∥A − B∥2F
subject to B ∈ Bk ,

(1.3)

In this case, when all the entries of A are known, the solution is given in terms of the Singular
Value Decomposition (SVD) of A. Let Tk (A) denote a rank-k Truncated SVD of A, then Tk (A)
solves (1.3). See, for example, [23, 58, 71, 253]. A detailed de inition of Tk (A) is given in
Section 5.
However, when A has missing entries, standard SVD algorithms are not applicable. In fact,
in some applications the ultimate goal of the completion process is to produce a (Truncated)
SVD of A. Let A∗ denote the completed matrix in which the missing entries of A equal the
corresponding entries of Bk∗ . Then, clearly, Bk∗ is a rank-k Truncated SVD of A∗ .
Similar remarks apply to the question of how to carry out a Principal Components Analysis
(PCA), or a Factor Analysis, of a data matrix with missing entries. Again, in some cases the inal
aim of the imputing process is to enable the desired analysis. For detailed discussions of these
issues see the references in Table 5.
The low-rank approximation approach raises two crucial issues. First, we need effective
algorithms for solving (1.1). Second, we need to ind a suitable value for k. The irst question is addressed in Section 8, in which we present several minimization methods for solving
(1.1). The second problem is closely related to the problem of determining the rank of a matrix, e.g., [23, 110, 253]. It is also related to the question of how to determine the number of
principle components (principle factors) of a matrix, e.g., [87, 132, 164, 297]. The last problem has attracted a lot of attention in the PCA literature, and several solution methods have
been proposed. For example, the surveys in [133] and [215] examine over 20 "stopping rules"
for determining the number of signi icant principal components. Yet, when A has missing entries we face a further dif iculty: Writing B in a factord form shows that we have to solve a
system of ν nonlinear equations, where ν denotes the number of known entries in A. On the
other hand, the number of "degrees of freedom" that we have in the choice of a rank-k matrix
B ∈ Bk equals k(m + n − k). (These claims are explained in Sections 9 and 10.) Thus, as
k increases beyond a certain threshold, the number of "degrees of freedom" in (1.1) exceeds
the number of equations, and the solution of (1.1) loses its uniqueness. Then the computed
solution matrix, Bk∗ , is free to move away from the "true" rank-k TSVD of A, and the quality
of the imputed values starts to deteriorate. One aim of the paper is to focus attention on this
dif iculty and to outline some possible remedies.
Another related issue regards the possibility to achieve "exact recovery". Assume for a
moment that the known entries of A are "sampled" from those of a given (known) matrix
Â ∈ Rm×n . If the imputed values of the missing entries in A attain their "true" values then
we say that we have "exact recovery". The challenge of recovering the whole matrix from a
small sample of observed entries has attracted the attention of several researchers. Recently Candè s and Recht [38] have proved that under certain conditions on A and Â solving the
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nuclear norm problem (10.1) is likely to result in exact recovery. See Section 10. This theoretical breakthrough has initiated a burst of papers that attempt to harness the nuclear norm
approach for solving large "Net lix-like" problems. The nuclear norm of a matrix is the sum of
its singular values and direct minimization of this sum is rather complicated. For this reason
most methods reformulate (10.1) in alternative ways that allow ef icient solution methods. To
address this issue we provide a systematic derivation of equivalent formulations of the nuclear norm problem. (As a rule, when mentioning known results we add references. New results
are stated and proved without references.)
The paper is divided into three parts. The irst one provides an overview of the basic imputing approaches. Starting from averaging methods we describe some well-known imputing
algorithms, including k Nearest Neighbors (KNN) impute, Iterative Column Regression, and
Iterative SVD. Then we move to consider recently proposed methods: Minimizing the singular values "tail" (FRAA), least squares methods, Riemannian optimization, rank minimization,
and nuclear norm minimization.
The second part considers a number of closely related problems and methods. It starts
with examples of special cases, as the Euclidean Distance matrix completion problem. Then
it gives examples of extended problems, such as missing values in tensors. It ends with discussions of imputing methods that come from different disciplines: Biological methods and
Statistical methods. Special attention is given to differences between the Statistical approach
and the current numerical linear algebra approach.
The third part of the paper is dedicated to the question of how to assess the quality of
the imputed entries. In real life problems the true values of the missing entries remain unknown and implicit methods are used to answer this question. Following the statistical "crossvalidation" idea, the set of known entries is split into a "training set" and a "probe set". Then
the imputing algorithm runs on the training set and tested on the probe set. It is shown that
this approach can be used to determine an optimal matrix rank, k, when solving (1.1). Finally
we add some guidelines and tables that might be helpful when choosing an imputing algorithm for solving a speci ic problem.

Part I: Basic approaches
The next sections describe some typical imputing algorithms and explain their motivation.
The review is not comprehensive. (The ield is so huge that it is dif icult to cover all the existing
approaches.) It concentrates on methods that can be described by standard concepts and
techniques from the ields of numerical linear algebra and optimization. Methods that are
mainly based on different disciplines, such as statistical or biological methods, are deferred to
Part II.
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2

Averaging methods

Let ν denote the number of known entries in A. Then the mean value of the known entries is
( ∑
)
α=
aij /ν.
(2.1)
(i,j)∈Ω

The simplest way of imputing is, perhaps, substituting every missing entry of A by α. This
"mean imputing" method is useful for handling "random" matrices, whose entries are considered as "random numbers" that obey the same probabilistic distribution. In this case substituting a missing entry by the corresponding mean (or median) seems to be a reasonable
choice. The disadvantage of this method (from a statistical point of view) is that the variance
of the data after the imputing is smaller than the "true" variance.
The basic mean imputing method can be modi ied in a number of ways. In "row-averaging"
the missing entries in a certain row attain the mean value of the known entries in this row.
Here there is tacit assumption that all the entries in one row obey the same distribution function. In "column-averaging" the missing entries in a certain column attain the mean value of
the known entries in this column. Subtracting the computed row average from the (known)
entries of the row is called "row-centering". After performing row-centering the sum of (known)
entries in each row equals zero. The methods mentioned above are often combined into an
"additive model" of the form
aij = α + xi + yj + εij ,

i = 1, . . . , m, j = 1, . . . , n,

(2.2)

where εij denotes the model error. The interpretation of this model depends on the origin of
the data. In monthly collected data n = 12, each column refers to a different month, and each
row refers to a different year. In this case x1 , . . . , xm re lect the annual trend, and y1 , . . . , y12 ,
re lect the seasonal behavior of the data, e.g., [53, 90]. A second way to interpret (2.2) occurs in
annually collected data, such as annual rainfall in a group of neighboring monitoring stations
("rain-gauges"). Here each column refers to a different monitoring station, and each row refers
to a different year. In this example α denotes the average amount of annual rainfall in the area,
α + xi gives the average amount of rainfall during the ith year, and yj expresses the deviation
of the jth station from the annual average.
The Net lix data matrix provides another interpretation of (2.2). Here α denotes the average rating of a movie; xi expresses the tendency of the ith user to rate higher (or lower)
than others; and yj denotes the "quality" of the jth movie, expressing its tendency to be rated
higher (or lower) than other movies, e.g., [19, 151, 152].
The parameters of an additive model are easily found by solving the problem
∑
minimize f (α, x1 , . . . , xm , y1 , . . . , yn ) =
(aij − α − xi − yj )2 .
(2.3)
(i,j)∈Ω

See [53] for details. Let the parameters α̃, x̃1 , . . . , x̃m , ỹ1 , . . . , ỹn solve the last problem, then
the (i, j) missing entry attains the value α̃ + x̃i + ỹj . Moreover, the solution of (2.3) enables us
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to convert the data matrix, A, into a matrix which is both row-centered and column-centered.
For this purpose de ine Ã = (ãij ) ∈ Rm×n to be the related residual matrix. That is, ãij =
aij − α̃ − x̃i − ỹj when (i, j) ∈ Ω, and ãij = 0 otherwise. Then, clearly, Ã is both "row-centered"
and "column-centered".
In annually collected data, such as annual rainfall in neighboring monitoring stations, one
may prefer a "multiplicative" model of the form
aij = xi yj + εij ,

i = 1, . . . , m, j = 1, . . . , n.

(2.4)

Here xi denote the annual average of rainfall at the ith year, while yj denotes the relative intensity of rain in the jth station. The parameters of this model are found by solving the problem
∑
minimize f (x1 , . . . , xm , y1 , . . . , yn ) =
(aij − xi yj )2 ,
(2.5)
(i,j)∈Ω

whose solution is discussed in Section 8.1.
Let x = (x1 , . . . , xm )T ∈ Rm and y = (y1 , . . . , yn )T ∈ Rn denote the corresponding
vectors of unknowns. Let e = (1, 1, . . . , 1)T denote a vector of ones whose length is either m or
n, depending on the context. Then the ive averaging schemes mentioned above are essentially
low-rank approximations of A regarding the matrices αeeT , xeT , eyT , αeeT + xeT + eyT and
xyT , respectively. This suggests that higher rank approximations are likely to produce smaller
model error. Indeed, for example, in the Net lix problem the basic model (2.2) is extended to
higher rank approximations, e.g., [19, 151, 152, 212].
Averaging schemes take part in several imputing methods. In particular, iterative methods
which require a good starting point. The use of averaging is often done by "centering" the data
matrix before starting the iterative process. Then setting zeros instead of the missing entries
provides a reasonable starting point, e.g., [94, 125, 269].

3

Nearest Neighbors imputing

Assume for a moment that we have a pair of columns (or rows) that show "similar behavior".
In this case it is possible to impute the missing entries in one column by using the corresponding entries of the other column (if available). In statistical literature this approach is known
as "Hot-Deck Imputation". The name comes from the use of computer punch cards for data
storage. Then a missing entry in a data card was replaced by the corresponding entry from
another "similar" card. Here the similar cards are called "donors" instead of "neighbors". In
"hot-deck" imputation the donor's cards are searched from the same recent survey as the imputed card, while in "cold-deck" imputation the donors are taken from previous surveys. For
recent discussion of statistical hot-deck methods see [15]. To implement this idea into a matrix algorithm we need to answer a number of questions. The irst one is how to quantify the
"similarity" between two data vectors.
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3.1

Measuring similarity

Let u = (u1 , u2 , . . . , um )T and v = (v1 , v2 , . . . , vm )T be two m-vectors that provide the records
of two columns. Assume irst, for the sake of simplicity, that all the entries of these vectors are
known. A typical way for measuring the similarity between the two vectors is based on the
following three-step procedure. The irst step is to "centralize" the two vectors. The "centering" of a vector is carried out by computing the mean value of its entries and subtracting the
mean from each entry. In the second step the corresponding centered vectors, uc and vc , are
normalized to have unit Euclidean length. Let un and vn denote the resulting unit vectors. In
the third step we measure the Euclidean distance between un and vn . Then a smaller distance
implies better similarity. For the sake of clarity we mention that the Euclidean norm of an
m-vector, y = (y1 , . . . , ym )T , is de ined as
2 1/2
∥y∥2 = (yT y)1/2 = (y12 + · · · + ym
) ,

while the inner product uT v is de ined as
uT v = u1 v1 + · · · + um vm .
Hence the Euclidean distance between un and vn satis ies
∥un − vn ∥22 = uTn un − 2uTn vn + vTn vn = 2 ∗ (1 − uTn vn ).
Recall that the Pearson correlation coef icient between u and v is de ined as
π(u, v) = uTn vn = (uTc vc )/(∥uc ∥2 ∥vc ∥2 ).

(3.1)

That is, π(u, v) gives the cosine of the angle between un and vn . The value of π(u, v) lies between −1 and 1, and as π(u, v) increases the distance ∥un − vn ∥2 decreases. So a value of
π(u, v) close to 1 means good similarity.
Assume further that we have a list of vectors, c1 , c2 , . . . , cℓ , and we want to assess their
similarity to a given vector, b. This task can be achieved by computing the related Pearson
coef icients π(b, cj ), j = 1, . . . , ℓ. Then, clearly, a large value of π(b, cj ) means good similarity. The last method has a number of variants. For example, let rj , j = 1, . . . , ℓ, denote the
computed residual vector of the linear least squares problem
minimizefj (α, β) = ∥αcj + βe − b∥22 ,

(3.2)

where e = (1, 1, . . . , 1)T ∈ Rm . Then ∥rj ∥22 re lects the ability of cj to estimate b (after centering the two vectors). Now it is easy to verify that the similarity relations which are induced by
inspecting the computed residual norms, ∥rj ∥22 , j = 1, . . . , ℓ, are equivalent to those derived
by inspecting the related Pearson coef icients π(b, cj ), j = 1, . . . , ℓ. That is,
∥ri ∥2 ≥ ∥rj ∥2 if and only if |π(b, ci )| ≤ |π(b, cj )|.

(3.3)
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Let us turn now to consider the situation when u and v have some missing entries. The
simplest option is to delete all the rows in which u or v have missing entries. This results in
a pair of "shorter" vectors without missing entries, ũ and ṽ, and this pair of vectors is used
for testing the similarity, e.g., [24] and [147]. In some cases it is helpful to take into account
the number of known entries that are "shared" by the two vectors. The idea is that a Pearson
coef icient which is based on a smaller number of entries is less reliable. So the modi ied
correlation coef icient has the form
π̃(u, v) = (m̃/(m̃ + δ))π(ũ, ṽ)

(3.4)

where m̃ is the number of entries in the "shorter" vectors, ũ and ṽ, and δ is a given positive
integer. A typical value of δ, in the Net lix context, is 100. See [151] and [189].
Another common practice is to substitute some trial values instead of the missing values
(such as column averages) and then to test similarity. Further modi ications of this approach
are described in [151] and [235].

3.2

Best Neighbor imputing

This method achieves one sweep over the columns of A, considering one column at a time.
The basic idea is to replace the missing entries in one column with the corresponding entries
of a "similar" column.
Treating the jth column, j = 1, . . . , n.
a) Let the m-vector b denote the jth column of A. If b has no missing entries skip to the next
column.
b) Select c1 to be another column of A which is most similar to b.
c) Replace the missing entries in b with those of the vector α1 c1 + β1 e, where α1 and β1 solve
(3.2) for c1 .
At the end of the last step it is still possible that some missing entries of b have not been
imputed. This happens at rows in which both b and c1 have missing entries. In this case one
selects a second column, c2 , which is the "second best" substitute of b. Then the remaining
missing entries are determined by repeating step c) with c2 instead of c1 . The process repeats
in this way until all the missing entries of b are imputed. Variants of this method are considered in [86], [143], and [281].

3.3

The basic K Nearest Neighbors (KNN) algorithm

This popular algorithm improves the former one by using k "neighbors" instead of one. A
typical number of neighbors lies between 4 and 50. The algorithm performs a different search
for k neighbors for any missing entry. Let the matrix Ã = (ãij ) ∈ Rm×n be obtained from A by
centering and normalizing the columns of A. So Ã has the same pattern of missing entries as
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A. To simplify the algorithm A is replaced by Ã. (Once the missing entries of Ã are computed,
the missing entries of A are easily retrieved.) Assume that the (i, j) entry of Ã is unknown.
Then ãij is computed in the following way.
a) Let b ∈ Rm denote the jth column of Ã. Select k columns of Ã which are most similar to b.
The search is restricted to columns whose ith entry is known. It is also restricted to columns
that have positive correlation with b.
b) Let c1 , . . . , ck , denote the selected k columns of Ã. Let ψℓ , ℓ = 1, . . . , k, denote the related
similarity coef icients, and let ηℓ denote the ith entry of cℓ , ℓ = 1, . . . , k. Then the (i, j) entry
of Ã is de ined as
k
k
∑
∑
ãij = (
ψℓ ηℓ )/(
ψℓ ).
(3.5)
ℓ=1

ℓ=1

That is, ãij is a weighted average of the related entries in the selected neighboring columns.
The larger similarity we have the larger the weight.
This simple idea has many versions. In fact, it is dif icult to ind two papers that provide an
identical description of the KNN algorithm. Methods differ by how they normalize and center
the data, the way the similarity factors are computed, the selection of neighboring columns,
the weighting scheme, and so on. See, for example, [19, 24, 46, 127, 128, 151, 235].
An alternative way to implement KNN imputing is by searching for k similar rows. The
"row" version is often used in DNA microarray data, where each row refers to a different gene,
e.g., [94, 125, 147, 269]. In recommender systems the row oriented KNN is referred to as
"user oriented" approach, or "user nearest neighbor", while the column version is referred to
as "item oriented" approach, or "item nearest neighbor", see [152] and [189].
The basic KNN algorithm repeats the search for k suitable neighbors for any missing entry
of A. This turns out to be time consuming when A is a large matrix with high percentage of
missing entries. Below we describe some ways to reduce the computational efforts.

3.4

Modi ied KNN methods

The main saving is achieved by conducting one search per column (or one search per row). For
this purpose we use a "trial" matrix, T , which is obtained from Ã by setting some "trial values"
in the positions of the missing entries. In column-KNN the columns of Ã are assumed to be
centered and normalized. Then setting zeros into the missing entries provides a trail matrix
T whose columns remain centered and normalized. The columns of Ã and T are denoted by
c̃1 , . . . , c̃n and t1 , . . . , tn , respectively.
Treating the jth column, j = 1, . . . , n.
a) If c̃j has no missing entries skip to the next column.
b) Select k columns of T which are most similar to tj . These columns are used to construct an
m × k matrix Nj .
c) Compute a k-vector x such that the vector d = Nj x estimates tj .
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d) Set the missing entries in c̃j to be the corresponding entries of d.
The above four steps are repeated for each column of Ã. Let n1 , . . . , nk , denote the columns
of Nj , and let ψℓ , ℓ = 1, . . . , k, denote the computed similarity factors between tj and nℓ . The
larger is ψℓ the more similar is nℓ . Then a common practice is to de ine x as the related vector
of weights. That is, x = (ξ1 , . . . , ξk )T , where
ξℓ = ψℓ /(ψ1 + · · · + ψk ),

ℓ = 1, . . . , k.

(3.6)

This way the estimating vector
d = Nj x = (ψ1 n1 + · · · + ψk nk )/(ψ1 + · · · + ψk ),

(3.7)

is a weighted average of the k nearest neighbors.
Another way to de ine x was recently proposed in [19] and [147]. In this method x is
computed by solving the linear least squares problem
minimize∥Nj x − tj ∥22 .

(3.8)

The idea of [19] is based on the observation that x can be computed by solving the related
system of normal equations
NjT Nj x = NjT tj .
(3.9)
Let the symmetric n × n matrix S = (sij ) be de ined by the equality S = T T T . Then, assuming that the columns of T are centered and normalized, sij = tTi tj is the similarity coef icient
between ti and tj . So the search for neighbors of tj can be achieved by considering the entries
in the jth row (or column) of S. Moreover, once the k neighbors are determined, the matrix
NjT Nj and the vector NjT tj are easily constructed from S. Hence, as noted in [19], it might be
advantageous to compute and store S before starting the KNN algorithm. (Since S is symmetric, it is suf icient to store its upper diagonal part, which requires n(n−1)/2 storage locations.)
Nevertheless, as n increases behind a certain level, implementing the column-KNN becomes
"too expensive".
A similar dif iculty arises in row-KNN when m is "too large". Here the rows of Ã and T are
assumed to be centered and normalized, and the similarity matrix, S = T T T , is an m × m
matrix. Therefore row-KNN becomes expensive as m increases behind a certain level.
The solution proposed by some authors is based on the computation of a rank-k matrix that
approximates Ã. The actual computation of such a matrix is achieved by solving (8.1) or (8.17),
where F (U, V ) is de ined with ãij instead of aij . Let the matrices Ũ ∈ Rm×k and Ṽ ∈ Rn×k
solve the related least squares problem. Then the unknown entries of Ã attain the values of the
corresponding entries in the rank-k matrix Ũ Ṽ T . Let ũTi denote the ith row of Ũ , i = 1, . . . , m.
Then the missing entries in the ith row of Ã are replaced by the corresponding entries of
the row vector (Ṽ ũi )T . Therefore this method can be interpreted as row-KNN in which the
k columns of Ṽ serve as neighbors for all the rows of Ã. Similarly, it can be interpreted as
column-KNN method in which the columns of Ũ serve as neighbors. For further discussions
of this approach see [19], [151], [152], and [235].
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The use of a "trial" matrix, T , simpli ies the computation of the similarity factors and the
approximating vector d. The de inition of T is based on crude estimates of the missing entries. However, once the imputing process is inished, we have better estimates of the missing
entries, and we are able to construct an improved trial matrix. This suggests repeating the imputing process with the new trial matrix. The newly computed entries are used to construct
a new trail matrix, and so forth. This idea stands behind the following iteration.

4

Iterative Columns Regression (ICR)

As its name says, ICR is an iterative algorithm. It starts by setting initial trial values to the
missing entries of A. Then these values are updated during the iterative process. The basic iteration is composed of n steps, where the jth step updates the values of the missing entries in
cj , the jth column of A, j = 1, . . . , n. Let the m × n matrix Ã = (ãij ) denote the current "completion" of A at the beginning of the jth step. That is, ãij = aij whenever aij is "known", while
the other entries are assigned the best current trial values. Then the jth step, j = 1, . . . , n, is
carried out as follows:
Step 1: Compute m̃, the number of known entries in cj . If m̃ = m proceed to the next column.
Step 2: Let the m̃-vector b be obtained from cj by deleting the missing entries.
Step 3: The m × (n − 1) matrix Ãj is obtained from Ã by deleting the jth column of Ã.
Step 4: The m̃ × (n − 1) matrix Âj is obtained from Ãj by deleting the rows which correspond
to missing entries in the jth column of A.
Step 5: Compute x̂, the minimum norm solution of the least squares problem
minimize ∥Âj x − b∥22 .

(4.1)

Step 6: Compute the m-vector d = Ãj x̂.
Step 7: Set new trial values to the missing entries in cj . The new values are those of the
corresponding entries in d.
The ICR algorithm is quite intuitive. It is based on the tacit assumption that the columns
of the matrix "behave" in a similar way. So regressing one column against the others is likely
to provide good results. (The term "regressing" means that we solve a linear least squares
problem of the form (4.1).) Of course, if the columns of A can be classi ied into clusters of
similar columns ("neighbors") then the algorithm is applied on each cluster separately. The
algorithm described above is easily converted into a "row-version" that takes advantage of
similarity between rows.
In statistician's eyes ICR can be viewed as an Expectation-Maximization (EM) method. Yet
it is not clear if the algorithm converges, nor what are the properties of a limit point. The
experiments in [61] and [125] reveal a slow rate of convergence (as is typical of the EM), but
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the quality of the imputed entries competes successfully against KNN imputing and Iterative
SVD methods.
A simpler implementation of ICR is achieved by skipping steps 2 and 4. In this version b
equals the jth column of Ã, and Âj is composed from the other columns of Ã.

5

Restricted SVD imputing

Let m̃ denote the number of complete rows in A, and assume for simplicity that m̃ ≥ n. Let Ã
denote the m̃ × n matrix containing all the rows of A which don't have any missing entries. In
some applications Ã is suf iciently large and the SVD of Ã provides valuable information on
the missing entries, e.g., [44], [88], and [125]. Let
Ã = U ΣV T

(5.1)

be a Singular Value Decomposition (SVD) of Ã. That is, the matrices
U = [u1 , . . . , un ] ∈ Rm̃×n and V = [v1 , . . . , vn ] ∈ Rn×n

(5.2)

have orthonormal columns,
Σ = diag{σ1 , . . . , σn }

(5.3)

σ1 ≥ σ2 ≥ · · · ≥ σn ≥ 0.

(5.4)

Uk = [u1 , . . . , uk ] ∈ Rm̃×k , Vk = [v1 , . . . , vk ] ∈ Rn×k ,
and Σk = diag{σ1 , . . . , σk }.

(5.5)

is a diagonal matrix, and
De ine

That is, Uk is composed of the irst k columns of U, Vk is composed of the irst k columns of
V , and the diagonal k × k matrix Σk consists of the largest k singular values of Ã. Then the
matrix
k
∑
T
(5.6)
σj uj vTj
Tk (Ã) = Uk Σk Vk =
j=1

is called a rank-k Truncated SVD of Ã. (TSVD in brief.) As mentioned in the introduction, Tk (Ã)
is a rank-k approximation of Ã regarding the Frobenius matrix norm.
To start the restricted SVD algorithm we determine k and compute Vk . Then the columns
of Vk serve as the k nearest neighbors of each row with missing entries. Assume for simplicity
that aT1 , the irst row of A, has missing entries. Then these entries are imputed via the following
four steps. The other rows are treated in a similar way.
Step 1: Compute an n̂-vector, â1 , by deleting the missing entries of a1 . That is, â1 consists of
the known entries of a1 in their original order.
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Step 2: Compute an n̂ × k matrix, V̂k , by deleting the corresponding rows of Vk .
Step 3: Compute x̂, the minimum norm solution of the linear least squares problem
minimize ∥V̂k x − â1 ∥22 .
x

(5.7)

Step 4: Compute the estimating n-vector Vk x̂, and set the missing entries in a1 to be the corresponding entries in Vk x̂.
Recall that a principal submatrix of A is a smaller matrix which is obtained by deleting
some rows and columns of A. The restricted SVD method can be extended to data matrices
that include a large principal submatrix without missing entries. See [44] for the details.
Observe that the SVD of Ã serves as a substitute for that of A. However, once all the missing entries in A are imputed, it is possible to compute an SVD of the resulting m × n matrix.
Then, using the new SVD, it is possible to derive improved estimates of the missing entries.
Repeating this process leads to the following "iterative SVD" algorithm.

6

Iterative SVD imputing

This method is both simple and elegant. Let
A = {Ã = (ãij ) | Ã ∈ Rm×n and ãij = aij when aij is known }

(6.1)

denote the set of all "admissible" matrices for completing A. The iterative SVD method generates a sequence of admissible matrices
Aℓ ∈ A,

ℓ = 1, 2, . . . ,

(6.2)

where Aℓ+1 is obtained by using the SVD of Aℓ . Let
Aℓ = U ΣV T

(6.3)

Tk (Aℓ ) = Uk Σk VkT

(6.4)

be an SVD of Aℓ and let
denote the corresponding rank-k TSVD of Aℓ . (These matrices satisfy (5.1)--(5.6) with Aℓ and
m instead of Ã and m̃, respectively.) Then the entries of Aℓ+1 which refer to missing entries in
A obtain the values of the corresponding entries in Tk (Aℓ ). Using the matrix operator PΩ the
lth iteration, ℓ = 1, 2, . . . , is summarized as follows. Given Aℓ , compute
Bℓ = Tk (Aℓ ).

(6.5)

Aℓ+1 = PΩ (A) + [Bℓ − PΩ (Bℓ )].

(6.6)

Then Aℓ+1 is obtained by the rule
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Note that Bℓ is the projection of Aℓ on Bk (regarding the Frobenius matrix norm), while Aℓ+1
is the projection of Bℓ on A. So the method can be interpreted as "alternating projections"
between A and Bk .
The iterative SVD algorithm is, perhaps, the most celebrated example of an imputing method
that descends from the statistical maximum likelihood approach and the related expectationmaximization (EM) framework: The algorithm alternates between the imputing process (expectation) and SVD computation (maximization). Indeed in many applications the algorithm
is presented in this way, e.g., [64, 94, 117, 156, 269, 289].
In Optimization terminology it is a proximal point algorithm. To see this point we relate
Aℓ with the proximal problem
minimize Πℓ (B) = ∥Aℓ − B∥2F
subject to B ∈ Bk ,

(6.7)

which has a minimizer at Bℓ . Note that F (B), the objective function of (1.1), is a partial sum
of the proximal function Πℓ (B). Therefore,
Πℓ (B) ≥ F (B)

∀B ∈ Rm×n

and
Πℓ (Bℓ−1 ) = F (Bℓ−1 ).
Combining these relations yields the "decreasing property"
F (Bℓ−1 ) = Πℓ (Bℓ−1 ) ≥ Πℓ (Bℓ ) ≥ F (Bℓ ),

(6.8)

which enables us to consider the iterative SVD algorithm as minimization method for solving
(1.1).
It is also possible to consider the iterative SVD method as a gradient projection method.
The gradient vector of F (B) is given by the matrix −2[PΩ (A) − PΩ (B)], while (6.6) can be
rewritten as
Aℓ+1 = Bℓ + [PΩ (A) − PΩ (Bℓ )].
(6.9)
That is, irst Aℓ+1 is obtained by moving from Bℓ along the steepest descent direction, then
Bℓ+1 is de ined as the projection of Aℓ+1 on Bk . This interpretation has led Meka et al. [190]
to suggest a modi ied iteration that is called Singular Value Projection (SVP). In this version
Aℓ+1 = Bℓ + θℓ [PΩ (A) − PΩ (Bℓ )]

(6.10)

Bℓ+1 = Tk (Aℓ+1 ),

(6.11)

and
where θℓ > 0 is a "step-length" parameter.
The arguments behind (6.8) can be extended to give
∥Aℓ − Tk (Aℓ )∥2F ≥ ∥Aℓ+1 − Tk (Aℓ )∥2F ≥ ∥Aℓ+1 − Tk (Aℓ+1 )∥2F .
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Hence the related sequence of "tail" values,
τk (Aℓ ) = ∥Aℓ − Tk (Aℓ )∥2F ,

ℓ = 1, 2, . . . ,

is also decreasing. That is,
τk (Aℓ ) ≥ τk (Aℓ+1 ).

(6.12)

Recall that ∥Aℓ −Tk (Aℓ )∥F is the distance between Aℓ and Bk (when using the Frobenius matrix
norm). Moreover, combining (6.8) with (6.12) yields the interlacing relations
τk (Aℓ ) ≥ F (Bℓ ) ≥ τk (Aℓ+1 ) ≥ F (Bℓ+1 ).

(6.13)

The FRAA algorithm, which is described in the next section, uses a different way to minimize
the "tail" function.
The success of the Iterative SVD method depends on proper choices of k and the starting
matrix A1 . In practice A1 is often obtained from A by a simple averaging method, and the
algorithm is terminated as soon as the norm of the difference Aℓ+1 − Aℓ falls below a certain
preassigned threshold value, e.g., [88, 94, 125, 156, 269]. However, it is not clear whether the
algorithm always converges, nor what properties has a limit point. (The dif iculties stem from
the fact that Bk is not a convex set.) Using the decreasing property (6.8) it is easy to verify that
any solution of (1.1) is a limit point of the iterative SVD process. This tempts one to believe that
the sequence {Bℓ } might converge toward a solution of (1.1). Yet, as the following example
shows, not every limit point of this sequence solves (1.1).
Example: Let A be a 2 × 2 matrix, a11 = 4, a22 = 1, while a12 and a21 are considered as
unknown. Then here k = 1 is the only meaningful choice of k. Now the trial values a12 =
a21 = 0 result in a limit point that fails to solve (1.1). On the other hand, setting a12 = a21 = 2
provides a limit point that solves (1.1).
In some applications, when m is considerably larger than n, it might be faster to avoid the
computation of Uk and Tk (Aℓ ). In this version Vk is derived from the spectral decomposition
ATℓ Aℓ = V Σ2 V T .

(6.14)

Then the missing values at a certain row of Aℓ are updated by regressing the row against the
columns of Vk . Let us consider for example a1 , the irst row of Aℓ . Regressing a1 against the
columns of Vk results in the vector x̂ = VkT a1 , which solves the linear least square problem
minimize ∥Vk x − a1 ∥22 .

(6.15)

This way the missing entries in the irst row of Aℓ+1 are de ined as the corresponding entries
in the row vector (Vk VkT a1 )T . In matrix notations this updating means that the entries of Aℓ+1
which refer to missing entries in A obtain the values of the corresponding entries in Aℓ Vk VkT .
In exact arithmetic
Tk (Aℓ ) = Aℓ Vk VkT ,
(6.16)
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and both versions generate the same sequence of matrices. We see, therefore, that the basic
SVD iteration can be interpreted as row-KNN in which the k columns of Vk serve as neighbors
for all the rows of A. Similarly, it can be interpreted as column-KNN in which the columns of
Uk serve as neighbors.
A different version of iterative SVD is described in [269]. Here the regression of a1 against
the columns of Vk is done after omitting the rows corresponding to missing entries in a1 . That
is, by following Steps 1--4 of the restricted SVD algorithm. Consequently for each row with
missing entries we use a different matrix V̂k , and solve a different least squares problem of the
form (5.7). The matrices generated in this method differ, therefore, from those generated by
the other versions.
The Hard-Impute algorithm, which is proposed in [188], is another example of a closely
related method. The basic iteration of this algorithm is similar to that of Iterative SVD. The
only difference is that here Bℓ is obtained from Aℓ by solving the problem
minimize χ(B) =

1/2∥B

− Aℓ ∥2F + λrank(B),

(6.17)

where λ > 0 is a preassigned positive constant. That is, here Bℓ is de ined as the solution of
(6.17), which is given by a Truncated SVD of the form
Bℓ = Tk′ (Aℓ ),

(6.18)

χ(Tk′ (Aℓ )) = min {χ(Tk (Aℓ ))}.

(6.19)

where the rank index, k ′ , satis ies
k=1,...,n

Let σ1 (Aℓ ) ≥ σ2 (Aℓ ) ≥ · · · ≥ σn (Aℓ ) ≥ 0 denote the singular values of Aℓ . Then (6.19) means
that k ′ satis ies
(σk′ (Aℓ ))2 ≥ λ ≥ (σk′ +1 (Aℓ ))2 .
(6.20)
As before, once Bℓ is computed, Aℓ+1 is updated by (6.6). The solution of (6.17) is sometimes
called "hard-thresholding" of Aℓ . This gives the algorithm its name. The main difference is
that here the rank of the computed TSVD is not known in advance and it may change during
the iterative process. Nevertheless, the practical value of the Hard-Impute algorithm relies on
the assumption that the sequences {Aℓ } and {Bℓ } converge. Let A∗ denote the limit point of
the sequence {Aℓ }, if exists. Then, as Aℓ approaches the vicinity of A∗ , the rank index k ′ stops
changing, and the Hard-Impute algorithm coincides with Iterative SVD.
In Net lix-like problems the matrix is so huge that computing Tk (Aℓ+1 ) from the SVD of
Aℓ+1 becomes prohibitively expensive. One way to handle this dif iculty is to approximate
Tk (Aℓ+1 ) by applying a Lanczos method on Aℓ+1 . Recall that Lanczos method requires only
matrix-vector products of the form Aℓ+1 x and ATℓ+1 y. Thus, as noted in [156], it is possible
to take advantage of the special structure of Aℓ+1 . From (6.9) we see that Aℓ+1 is the sum of
two matrices: A rank-k matrix, Bℓ , plus a highly sparse matrix, PΩ (A) − PΩ (Bℓ ). The non-zero
entries of the last matrix correspond to known entries of A. Hence a matrix-vector product
needs only k(m + n + 1) + ν multiplications. This use of Lanczos method is also mentioned in
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[188] and [190]. The Lanczos algorithm is often implemented by using "PROPACK", a Matlab
subroutine that was written by R.M. Larsen [159, 160]. A different approach is proposed in
[180], where the authors prefer to approximate Tk (Aℓ+1 ) by applying the Monte Carlo algorithm [70].

7

Minimizing the singular values tail (FRAA)

The FRAA algorithm [88, 89, 205] is aimed at minimizing the "tail" of the imputed matrix. We
shall start by introducing some notations that help to explain this idea. Let
σ1 (H) ≥ σ2 (H) ≥ · · · ≥ σn (H) ≥ 0

(7.1)

denote the singular values of a given matrix H ∈ Rm×n . Let Tk (H) denote the corresponding
rank-k TSVD of H. Then the related "tail" function of H is de ined as
τk (H) = ∥H −

Tk (H)∥2F

=

n
∑

σi2 (H).

(7.2)

i=k+1

As before we use A to denote the set (6.1) of all "admissible" matrices. The idea of FRAA is to
compute an admissible matrix that solves the "tail" problem
minimize
subject to

τk (H)
H ∈ A.

(7.3)

In other words, we seek an admissible matrix which is closest to Bk . The name FRAA stands for
Fixed Rank Approximation Algorithm. It is an iterative algorithm that generates a sequence
of admissible matrices, Hℓ , ℓ = 1, 2, . . ., which satisfy
τk (Hℓ ) ≥ τk (Hℓ+1 ),

ℓ = 1, 2, . . . .

(7.4)

The basic iteration starts with Hℓ and ends with Hℓ+1 . The construction of Hℓ+1 from Hℓ is
done via the following four steps.
Step 1: Compute the n × n symmetric matrix
Gℓ = HℓT Hℓ .

(7.5)

Step 2: Compute a spectral decomposition of Gℓ ,
Gℓ = Vℓ Dℓ VℓT ,

(7.6)

where Vℓ = [v1 , . . . , vn ] ∈ Rn×n has orthonormal columns, VℓT Vℓ = I, and Dℓ ∈ Rn×n is a
diagonal matrix,
Dℓ = diag{σ12 (Hℓ ), . . . , σn2 (Hℓ )}, and σ1 (Hℓ ) ≥ σ2 (Hℓ ) ≥ · · · ≥ σn (Hℓ ) ≥ 0.
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Step 3: Compute the n × (n − k) matrix
Wℓ = [vk+1 , . . . , vn ],

(7.7)

which is composed of the last n − k columns of Vℓ . That is, the columns of Wℓ are built from
right singular vectors of Hℓ which correspond to the smallest singular values of Hℓ .
Step 4: De ine Hℓ+1 to be an admissible matrix that solves the minimum norm problem
minimize
subject to

∥HWℓ ∥2F
H ∈ A.

(7.8)

The de initions of Wℓ and Hℓ+1 imply the relations
τk (Hℓ ) = ∥Hℓ Wℓ ∥2F ,

ℓ = 1, 2, . . . ,

and
∥Hℓ Wℓ ∥2F ≥ ∥Hℓ+1 Wℓ ∥2F .
Also, as noted in [88], the inequality
∥Hℓ+1 Wℓ ∥2F ≥ ∥Hℓ+1 Wℓ+1 ∥2F
is a direct consequence of Ky Fan's minimum principle. (For recent discussion of Ky Fan's
extremum principles see [58].) Combining these relations gives
τk (Hℓ ) = ∥Hℓ Wℓ ∥2F ≥ ∥Hℓ+1 Wℓ ∥2F ≥ ∥Hℓ+1 Wℓ+1 ∥2F = τk (Hℓ+1 ),

(7.9)

which proves (7.4).
The solution of (7.8) is based on the following observation. Let H ∈ A be any admissible
matrix, and let hTq , q = 1, . . . , m, denote the rows of H. That is, H = [h1 , . . . , hm ]T ∈ Rm×n .
Then hTq Wℓ is the qth row of the product matrix HWℓ , and
∥HWℓ ∥2F =

m
∑

∥hTq Wℓ ∥22 .

(7.10)

q=1

Therefore, since the term ∥hTq Wℓ ∥22 can be affected only by the (missing) entries in hTq , the
overall minimization of the sum (7.10) is carried out by considering one row at a time. Let us
consider for example, aT1 , the irst row of A. (The other rows are treated in the same manner.)
Then the unknown entries in a1 are determined in an attempt to minimize the term ∥WℓT a1 ∥22 .
This is achieved in the following way. Assume for simplicity that the irst p entries of a1 are
missing. That is, aT1 = (ãT1 , âT1 ), where ã1 ∈ Rp denotes the unknown part of a1 , and â1 ∈ Rn−p
denotes the known part. Let
WℓT = [W̃ℓ , Ŵℓ ],

W̃ℓ ∈ R(n−k)×ℓ ,

Ŵℓ ∈ R(n−k)×(n−p)

(7.11)
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denote the corresponding row partition of Wℓ . Then the unknown entries in a1 are obtained
by solving the linear least squares problem
minimize ∥W̃ℓ x − zℓ ∥22 ,
x∈Rℓ

(7.12)

where zℓ = −Ŵℓ â1 . This way for each row with missing entries we need to solve a different
least squares problem of the form (7.12). If the solution of (7.12) is not unique we take the
smallest one. Also it is necessary to guard against cases when W̃ℓ is a null or ill-conditioned
matrix. (See the example given in the previous section.)
As we shall see in the next section, similar linear least squares problems are solved in the
ALS iteration. However, the concept of FRAA is somewhat surprising and ingenious. The decreasing property (7.4) reduces the possibility of converging into a nonoptimal point, but the
convergence properties of the sequence {Hℓ } have not yet been studied. The algorithm described in [88] terminates after a preassigned number of iterations. Another input parameter
of the algorithm is k. The role of k in FRAA is similar to its role in iterative SVD. However,
the iterative SVD method uses only the irst k "principal" eigenvectors, while FRAA is using
the last n − k eigenvectors. This might be a drawback in some cases. For example, when n is
considerably larger than k, or when Hℓ happens to be an ill-conditioned matrix.
The tail problem (7.3) looks quite different from the least squares problem (1.1). However,
as we now show, the two problems are closely related.
Theorem 1 (An Equivalence theorem). Let the rank-k matrix Bk∗ solve the least squares problem (1.1), and let the admissible matrix A∗ ∈ A be obtained from Bk∗ by setting the unknown
entries of A to be the corresponding entries of Bk∗ . Then A∗ solves the tail problem (7.3) and
F (Bk∗ ) = τk (A∗ ).

(7.13)

Conversely, let Â ∈ A be an admissible matrix that solves the tail problem (7.3), and let Tk (Â)
denote a rank-k TSVD of Â. Then Tk (Â) solves (1.1) and
F (Tk (Â)) = τk (Â).

(7.14)

In other words, a solution of (1.1) provides a solution of (7.3), and vice versa. Furthermore, both
problems share the same optimal value.
Proof. Let Bk∗ and A∗ be as above. Then, since Bk∗ solves (1.1), it also solves the problem
minimize
subject to

∥A∗ − B∥2F
B ∈ Bk .

(7.15)

The last observation means that Bk∗ = Tk (A∗ ). That is, Bk∗ is a rank-k TSVD of A∗ . The "tail" of
A∗ satis ies, therefore,
(7.16)
τk (A∗ ) = ∥A∗ − Bk∗ ∥2F = F (Bk∗ ).
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Now let Ã ∈ A be any other admissible matrix, and let Tk (Ã) ∈ Bk be a rank-k TSVD of Ã.
Then
F (Bk∗ ) ≤ F (Tk (Ã)) ≤ ∥Ã − Tk (Ã)∥2F = τk (Ã).
(7.17)
Combining (7.16) and (7.17) gives the inequality
τk (A∗ ) ≤ τk (Ã),

(7.18)

which proves that A∗ solves (7.3).
The converse claim is derived in a similar way. Let Â ∈ A solve (7.3) and let Tk (Â) be a
rank-k TSVD of Â. Then
τk (Â) = ∥Â − Tk (Â)∥2F ≥ F (Tk (Â)),

(7.19)

where the last inequality is due to the fact that F (Â) is a partial sum of ∥Â − Tk (Â)∥2F . Now let
B̃ ∈ Bk be any rank-k matrix, and let Ã ∈ A denote the corresponding admissible matrix. That
is, Ã is obtained by setting the unknown entries to be those of B̃. As before, Tk (Ã) denotes a
rank-k TSVD of Ã. Then these matrices satisfy
F (B̃) = ∥Ã − B̃∥2F ≥ ∥Ã − Tk (Ã)∥2F = τk (Ã).

(7.20)

On the other hand, since Â solves (7.3),
τk (Ã) ≥ τk (Â).

(7.21)

Hence combining (7.19)--(7.21) shows that
F (B̃) ≥ F (Tk (Â)),

(7.22)

which proves that Tk (Â) solves (1.1).
The last theorem adds important insight into the nature of both problems. In particular
we see that solving (1.1) provides a matrix A∗ that has the "minimum tail" property.
An improved version of FRAA, which is called IFRAA, is proposed in [89]. It is aimed to
take advantage of the clustering feature that characterizes DNA microarray data matrices. For
this purpose the imputing process is carried out in three stages. The irst stage uses FRAA to
complete the missing entries in A, generating an admissible matrix H ∗ that solves (7.3). The
second stage applies a clustering algorithm to separate the rows of H ∗ into a small number of
clusters, where each cluster consists of similar rows. Then, at the last stage, FRAA is applied
again, but this time it is used on each cluster separately, updating the values of the missing
entries in that cluster.
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8

Least Squares Methods

We have seen that both Iterative SVD and FRAA are implicitly aimed at solving (1.1). In this
section we consider direct methods for solving this problem. Many of them utilize the following observation. Given a rank-k matrix B = (bij ) ∈ Rm×n , there exists a pair of matrices,
U = (uij ) ∈ Rm×k and V = (vij ) ∈ Rn×k , such that B = U V T . (The matrices U and V are
easily derived from the SVD of B.) The last equality can be written as
bij = uTi vj ,

i = 1, . . . , m,

j = 1, . . . , n,

where uTi denotes the ith row of U , and vTj denotes the jth row of V . These relations enable
us to rewrite (1.1) in the form
∑
minimize F (U, V ) = ∥PΩ (A) − PΩ (U V T )∥2F =
(aij − uTi vj )2
(i,j)∈Ω
(8.1)
m×k
n×k
subject to U ∈ R
and V ∈ R .
The last problem is equivalent to (1.1) in the sense that any solution of one problem provides
a solution to the other problem, and both solutions share the same optimal value.
In some applications problem (8.1) has a simple interpretation. Let us consider for example the Net lix rating matrix, and assume that a movie is characterized by k principal features.
(Such as being funny, romantic, musical, dramatic, having "action", and so forth.) In this case
the jth movie can be characterized by a k-vector, vj , whose entries quantify the related features. Similarly, the ith viewer is characterized by a k-vector, ui , whose entries re lect the user
"taste" with regard to these features. Then the rating given by the ith user to the jth movie is
expected to be about uTi vj , e.g., [19, 92, 151, 152, 188, 209]. This kind of interpretation stands
behind the factor analysis methodology. However, usually the number of "principal features",
k, is not known in advance. So the value of k has to be determined in some way.
The methods described in this section are "descent methods" for solving (8.1). Starting
from a given initial point (U0 , V0 ) they generate a sequence of points (Uℓ , Vℓ ), ℓ = 1, 2, . . . such
that
F (Uℓ−1 , Vℓ−1 ) ≥ F (Uℓ , Vℓ ), ℓ = 1, 2, . . . .
As we shall see, many of these methods are classical minimization techniques that have been
modi ied to take advantage of the special structure of (8.1).
The solution of (1.1) and (8.1) faces a number of dif iculties. First note that the set of optimal solutions can be empty. The following example of Gillis and Gilneur [100] illustrates
this point. Let the matrix to complete have the form A = (aij ) ∈ R2×2 , a11 = a22 =
1, a21 = 0, and a12 is unknown. Now consider the approximation of A by a rank-one matrix of the form uvT . In this case the optimal value, if exists, must differ from zero. But taking
u = (1, 1/µ)T , v = (1, µ)T , and increasing µ toward in inity shows that the in imum value is
never achieved. It is also shown in [100] that for certain types of matrices with nonnegative
entries the rank-one approximation problem (8.3) is NP-hard. (The proof takes an NP-hard
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problem on a bipartite graph, "The Maximum-Edge Biclique Problem", and shows its relation
to a rank-one problem.)
Observe that Bk is not a bounded set. Also, using a truncated SVD of an identity matrix, it is
easy to see that Bk is not a convex set, and that the solution of (1.1) is not always unique. These
drawbacks are inherent to problem (8.1), as the following example shows. Let us consider
problem (8.1) in the special case when m = n = 2, k = 1,
and
a11 = a22 = 1.
The other entries are "missing". Then here F (U, V ) = 0 for any pair of matrices of the form
U = [α, β]T ∈ R2×1 and V = [1/α, 1/β]T ∈ R2×1 , α ̸= 0, β ̸= 0. So (8.1) has in initely many
solutions. To see non-convexity consider two speci ic solution points, U1 = V1 = [1, 1]T , and
U2 = V2 = [1, −1]T . Then, clearly, F (U1 , V1 ) = F (U2 , V2 ) = 0. Now let the point (U3 , V3 ) be
de ined by the equalities U3 = V3 = [1, 0]T = 1/2(U1 + U2 ) = 1/2(V1 + V2 ). Then this point
lies on a line segment that connects the two solution points, but F (U3 , V3 ) = 1, which shows
that F (U, V ) is not a convex function.
Another type of non-uniqueness stems from the following observation. Let U and V be as
in (8.1) and let S be any invertible matrix in Rk×k . Then
U V T = (U S)(V S −T )T
and

(8.2)

F (U, V ) = F (U S, V S −T ).

Moreover, using the Neumann series expansion we see that for any matrix R ∈ Rk×k that
satis ies ρ(R) < 1, the set
{(U (I − αR), V (I − αR)−T ) | − 1 ≤ α ≤ 1}
de ines a continuous trajectory on which the objective function attains a constant value. This
feature means that F (U, V ) has no isolated local minimizers. It also suggests that the related
Jacobian and Hessian matrices are likely to be ill-conditioned. Further situations that invite
nonuniqueness are discussed in Section 8.5 below.
The dif iculties mentioned above may hinder some descent methods from converging toward a global minimizer of (8.1). Yet the use of regularization methods, Riemannian optimization techniques and "Hybrid Methods" provides some remedies to these dif iculties.
The question of how to ind a suitable value for k is deferred until Section 20. As we shall see, it is possible to answer this question by constructing a inite sequence of matrices,
Bk∗ , k = 1, 2, . . . , k̂, such that Bk∗ solves (1.1). Then the related sequence of objective function
values helps to determine an appropriate value for k. Thus in practice we would like to solve
(8.1) for k = 1, 2, . . . , k̂. This suggests the use of Bk∗ to produce an improved starting point for
∗
the computation of Bk+1
. The details of this idea are elaborated in the coming sections.

8.1

Computing a rank-one approximation: The "criss-cross" iteration

In this section we describe a simple iterative algorithm for computing a rank-one approximation of A. Recall that a rank-one matrix in Rm×n has the form uvT , where u = (u1 , . . . , um )T ∈
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Rm and v = (v1 , . . . , vn )T ∈ Rn . Hence in this case the least squares problem (8.1) is reduced
to
∑
minimize f (u, v) =
(aij − ui vj )2 .
(8.3)
(i,j)∈Ω

The algorithm described below is aimed at solving this problem. Let uℓ and vℓ denote the
current estimate of the solution at the beginning of the ℓth iteration, ℓ = 1, 2, . . .. Then the ℓth
iteration is composed of the following two steps.
Step 1: Given vℓ = (ṽ1 , . . . , ṽn )T ∈ Rn the vector uℓ+1 = (û1 , . . . , ûm )T ∈ Rm is obtained by
solving the linear least squares problem
minimize φ(u) =

m ∑
∑

(aij − ui ṽj )2 .

i=1 j∈Ri

That is,
ûi =

(∑
j∈Ri

) (∑ )
aij ṽj /
ṽj2 ,

i = 1, . . . , m,

(8.4)

j∈Ri

where the index set
Ri = {j | aij is known }
contains all the column indices of known entries in the ith row of A.
Step 2: Given uℓ+1 = (û1 , . . . , ûm )T ∈ Rm the vector vℓ+1 = (v̂1 , . . . , v̂n )T ∈ Rn is obtained by
solving the linear least squares problem
minimize ψ(v) =

n ∑
∑

(aij − ûi vj )2 .

j=1 i∈Cj

That is,
v̂j =

(∑
i∈Cj

) (∑ )
aij ûi /
û2i ,

j = 1, . . . , n,

(8.5)

i∈Cj

where the index set
Cj = {i | aij is known }
contains all the row indices of known entries in the jth column of A.
The iteration (8.4)--(8.5) was proposed by Gabriel and Zamir [93] under the name "crisscross regressions". Observe that minimizing f (u, v) by changing one variable at a time, in the
order u1 , . . . , um , v1 , . . . , vn , results in the same basic iteration. In the optimization literature the last method is called the "coordinate descent" method, e.g., [22], or the "alternating
variables" method, e.g., [84]. Note also that
f (u, v) = f (αu, v/α)

∀α ̸= 0.
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This enables us to extend the basic iteration with the following normalization step: First set
α = ∥vℓ+1 ∥2 , then uℓ+1 and vℓ+1 are replaced with αuℓ+1 and vℓ+1 /α, respectively, e.g., [276].
An important insight into the nature of the above iteration is revealed by considering the
case when A has no missing entries. In this case the extended iteration,
uℓ+1 = Avℓ and vℓ+1 = AT uℓ+1 /∥AT uℓ+1 ∥2 ,

(8.6)

coincides with the basic iteration of the Power method applied to AT A. The last method is
known to have a linear rate of converges. The asymptotic rate is proportional to σ22 (A)/σ12 (A),
and can be arbitrarily slow. However, often the initial rate of convergence is considerably
faster than the asymptotic rate, and the power method provides a valuable estimate of the solution within a small number of iterations. See [55] and [57]. If the initial vector, v1 , is perpendicular to the space spanned by dominant eigenvectors of AT A, then the sequence {vℓ } may
fail to approach this space. This dif iculty is passed on to the iterations (8.4)--(8.5). Return, for
example, to the 2 × 2 matrix in which a11 = 4, a22 = 1, while a12 and a21 are unknown. In this
example starting from v1 = (0, 1)T , or v1 = (1, 0)T , results in vℓ = v1 for ℓ = 2, 3, . . .. A common way to reduce the possibility of converging into a nonoptimal point is to use a "random"
starting vector, whose entries are random numbers between −1 and 1. A more sophisticated
approach is proposed in [93].
Finally we mention that a closely related iteration is achieved when applying rank-one iterative SVD. Recall that iterative SVD generates a sequence of admissible matrices, Ai , i =
1, 2, . . .. A rank-one iterative SVD computes a dominant pair of singular vectors of Ai by applying the Power iteration (8.6) on Ai , e.g., [146] or [276].

8.2

Failure of the basic de lation procedure

The basic de lation procedure generates a sequence of m × n matrices, Bk , k = 1, 2, . . .,
where Bk is a rank-k matrix that attempts to approximate A. Given Bk = (bij ) the next matrix
is computed as follows. Let the m × n matrix Ãk = (ãij ) be de ined in the following way:
ãij = aij − bij when aij is known. Otherwise, when aij is unknown, ãij is also considered as
unknown. Note that Ãk has the same pattern of missing entries as A. Let the vectors ũk+1 ∈
Rm and ṽk+1 ∈ Rn be obtained by solving the rank-one approximation problem (8.3) with Ãk
instead of A. That is, the problem to solve has the form
∑
minimize f (u, v) =
(ãij − ui vj )2 ,
(8.7)
(i,j)∈Ω

The solution of this problem is carried out by the iterative "criss-cross" algorithm, using (8.4)
and (8.5) with ãij instead of aij . Once ũk+1 and ṽk+1 are computed, the matrix Bk+1 is
de ined by the rule
(8.8)
Bk+1 = Bk + ũk+1 ṽTk+1 .
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For small values of k it is convenient to keep Bk in the factored form
Bk =

Ũk ṼkT

=

k
∑

ũj ṽTj ,

(8.9)

j=1

where
Ũk = [ũ1 , . . . , ũk ] ∈ Rm×k and Ṽk = [ṽ1 , . . . , ṽk ] ∈ Rn×k .
If A has no missing entries then the above scheme can be viewed as a variant of the delation by subtraction method. The last method is often attributed to Hotelling [131]. Given a symmetric positive semide inite matrix, the de lation by subtraction method computes
the eigenpairs of the matrix, one after another in decreasing order, using the power method
to compute dominant eigenpairs of the de lated matrices. For detailed discussions of this
method see [211] and [280]. Recently Dax [55] has proposed a modi ied scheme for calculating an SVD-type decomposition of a general real m × n matrix A. The modi ied scheme
generates orthogonal bases of range(A) and range(AT ) regardless to the number of Power iterations per eigenpair. Another related method is Wold's NIPALS algorithm, e.g., [75, 201, 232,
282, 283, 284]. In this scheme ṽk is obtained by applying two Power iterations on ÃTk Ãk , and
the method results in an orthogonal sequence of vectors, which is identical to the sequence
generated via Lanczos bidiagonalization, e.g., [75, 283].
However, when A has missing entries the orthogonality features are lost, and the basic
de lation procedure (8.8) fails to generate a sequence of matrices {Bk } such that Bk solves
(1.1). Indeed, as demonstrated in [59], the larger the percentage of missing entries, the poorer
solution we get. The algorithms described below enable us to overcome this drawback.

8.3

Successive rank-one modi ications (SROM)

This iterative method is proposed in [59]. The ℓth iteration starts with Wℓ and ends with Wℓ+1 .
The matrix Wℓ is kept in the form
Wℓ = Uℓ VℓT =

k
∑

up vTp

(8.10)

p=1

where
Uℓ = [u1 , . . . , uk ] ∈ Rm×k and Vℓ = [v1 , . . . , vk ] ∈ Rn×k .
That is, here the vectors up ∈ Rm and vp ∈ Rn denote the pth columns of Uℓ and Vℓ , respectively. The ℓth iteration of the SROM algorithm is composed of k steps. At the pth step, p = 1, . . . , k,
the vectors up and vp alone are changed in an attempt to reduce the objective function value,
while the other columns of Uℓ and Vℓ are kept ixed. The details of the pth step, p = 1, . . . , k,
are explained below.
The pth step
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( )
a) Let the matrix W̃ = w̃ij ∈ Rm×n be de ined by the equality
W̃ =

Uℓ VℓT

−

up vTp

=

k
∑

uq vTq .

q=1
q̸=p

( )
b) Let the matrix Ã = ãij ∈ Rm×n be de ined in the following way. ãij = aij − w̃ij when aij is
known. Otherwise, when aij is unknown, ãij is also unknown. That is, Ã has the same pattern
of missing entries as A.
c) The new values of the vectors up and vp are those which solve the related rank-one approximation problem, which has the same form as (8.7). The last problem is solved by applying
the "criss-cross" algorithm, using (8.4) and (8.5) with ãij instead of aij .
The iterative process in c) starts with the current values of up and vp . This ensures successive reduction of the objective function value. The nature of the SROM algorithm suggests that
there is no need in accurate solution of the related rank-one approximation problem. Hence
the pth step needs a small number of "criss-cross" iterations, see [59].

8.4

Alternating least squares (ALS)

This iterative algorithm is one of the popular methods for solving (1.1). The basic iteration is
composed of two major steps. Let
Wℓ = Xℓ YℓT , Xℓ ∈ Rm×k , Yℓ ∈ Rn×k ,

(8.11)

denote the current solution at the beginning of the ℓth iteration, ℓ = 1, 2, . . .. Then Wℓ+1 =
T
Xℓ+1 Yℓ+1
is obtained in the following way.
Step 1: De ine Xℓ+1 to be an m × k matrix that solves the problem
minimize

F (B)

subject to

B = XYℓT and X ∈ Rm×k .

(8.12)

Step 2: De ine Yℓ+1 to be an n × k matrix that solves the problem
minimize

F (B)

subject to

B = Xℓ+1 Y T and Y ∈ Rn×k .

(8.13)

Note that in problem (8.12) the unknowns are the entries of the m × k matrix X. Thus, as
explained below, the solution of (8.12) is achieved by computing the rows of X, one row at a
time. Similarly, in (8.13) the unknowns are the entries of the n × k matrix Y , and the rows of
this matrix are computed one row at a time.
Let xTi denote the ith row of X, i = 1, . . . , m. Then xi is computed in the following way.
Observe that when solving (8.12) the ith row of B equals xTi YℓT , and this row is compared
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against aTi , the ith row of A. The entries of xi are determined, therefore, in an attempt to
make Yℓ xi as close as possible to ai . This is achieved by solving the related linear least squares
problem. Let ñ denote the number of known entries in ai , and let the ñ-vector ãi be obtained
from ai by deleting the unknown entries in ai . That is, ãi is composed from the known entries
of ai in their original order. Let the ñ × k matrix Ỹℓ be obtained from Yℓ by deleting the rows
of Yℓ which correspond to unknown entries in ai . Then xi is determined by solving the linear
least squares problem
minimize ∥Ỹℓ x − ãi ∥22 .
(8.14)
x∈Rk
If the solution of (8.14) is not unique then xi is de ined as the smallest solution of this problem.
That is, xi is de ined as the unique solution of the minimum norm problem
minimize

∥x∥22

subject to

ỸℓT Ỹℓ x = ỸℓT ãi .

The computation of yTj , the jth row of Yℓ+1 , is carried out in a similar way. Observe that
when solving (8.13) the jth column of B equals Xℓ+1 yj , and this column is compared against
cj , the jth column of A. Hence the entries of yj are determined in an attempts to make Xℓ+1 yj
as close as possible to cj . This is achieved by solving the related linear least squares problem.
Let m̃ denote the number of known entries in cj , and let the m̃-vector c̃j be obtained from cj
by deleting the unknown entries in cj . Let the m̃ × k matrix X̃ℓ+1 be obtained from Xℓ+1 by
deleting the rows of Xℓ+1 which correspond to missing entries in cj . Then yj is de ined as the
solution of the least squares problem
minimize ∥X̃ℓ+1 y − c̃j ∥22 .
y∈Rk

(8.15)

As before, if the solution of (8.15) is not unique then yj is de ined as the minimum norm solution of this problem.
At this point it is instructive to examine the similarity between the ALS algorithm and the
SROM algorithm. Both methods use Wℓ in a factored form. In the SROM method Wℓ = Uℓ VℓT ,
while in the ALS method Wℓ = Xℓ YℓT . Yet the two factorizations play essentially the same role.
The basic iteration of the ALS algorithm consists of a sweep over the rows of Xℓ followed by
a sweep over the rows of Yℓ , modifying one row at a time. In the SROM algorithm the basic
iteration performs a sweep over the columns of Uℓ and Vℓ , where the pth step, p = 1, . . . , k,
modi ies the pth columns of Uℓ and Vℓ . Thus both methods can be viewed as "block" variants
of the alternating variables method. This type of minimization methods is also called block
relaxation, and is known to have a linear asymptotic rate of convergence, see Schechter [238,
239, 240]. The similarity between SROM and ALS suggests that both methods converge at
about the same speed. The experiments in [59] support this observation.
Note also that for k = 1 the ALS method coincides with SROM. In this case both methods
are reduced to the criss-cross iteration (8.4)--(8.5). Thus, as we have seen, it can be "stuck"
at a non-optimal point. Yet the simplicity of the ALS iteration makes it an effective tool for
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solving (8.1). See, for example, the reports in [19, 33, 43, 44, 59, 77, 116, 186, 287]. For recent
analysis of this method, see [136].
A standard method for solving (8.14) requires an order of ñk 2 lops ( loating point operations) while solving (8.15) needs an order of m̃k 2 lops, e.g., [23, 110, 253]. The overall number
of lops which are needed in one ALS iteration is, therefore, about 2mnk 2 . On the other hand,
the number of lops required in one SROM iteration is about 2mnk ℓ̂, where ℓ̂ denotes the average number of "criss-cross" iterations per step. Thus when k < ℓ̂ the ALS iteration requires
less lops.
The current version of the ALS iteration computes minimum norm solutions of (8.14) and
(8.15). This modi ication has two advantages. First it enables us to handle cases in which Ỹℓ or
X̃ℓ+1 are rank de icient. Second, it "pushes" the computed solution toward a certain minimum
norm solution of (1.1). The last statement needs some explanation. Assume for a moment that
the current matrix, Wℓ = Xℓ YℓT , solves (1.1). Then the next ALS iterations are unable to reduce
the objective function value, but the value of the sum ∥Xℓ ∥2F + ∥Yℓ ∥2F is strictly decreased at
each iteration, unless Xℓ+1 = Xℓ and Yℓ+1 = Yℓ . As proved in Section 10, the nuclear norm
∥ · ∥∗ satis ies
∥Xℓ YℓT ∥∗ ≤ 1/2(∥Xℓ ∥2F + ∥Yℓ ∥2F ).
Hence decreasing the right hand side of this inequality provides a smaller bound on the nuclear norm of the solution matrix.
Moreover, assume further that F (Wℓ ) = 0. Then from now on Wℓ = Xℓ YℓT is an admissible
matrix. In this case the above decreasing property pushes the matrices Xℓ and Yℓ toward a
solution of the problem
minimize

φ(X, Y ) = ∥X∥2F + ∥Y ∥2F

subject to

X ∈ Rm×k , Y ∈ Rn×k ,

and XY T ∈ A.

(8.16)

As we shall see in Section 10, the last problem is essentially the nuclear norm problem (10.1)
Note also that both SROM and ALS are easily modi ied to solve the regularized least squares
problem (8.17). This gives another way to obtain solutions with small nuclear norm. It is also
worthwhile noting that ALS is easily adapted to run on a parallel computer, e.g., [151, 152].

8.5

Non-uniqueness of least squares solutions

A further inspection of the ALS iteration reveals situations in which the solution of (1.1) loses
its uniqueness. As above, the matrices Wℓ , Xℓ and Yℓ , satisfy (8.11) but here it is assumed that
Wℓ solves (1.1). Observe that there is no loss of generality in assuming that Yℓ has orthonormal
columns. To verify this observation use an SVD of the form
Wℓ = Û Σ̂V̂ T ,

where Û ∈ Rm×k , Σ̂ ∈ Rk×k ,

and V̂ ∈ Rn×k .

Then de ine Xℓ = Û Σ̂ and Yℓ = V̂ . Also, since Wℓ solves (1.1), applying the ALS iteration on
these matrices does not change the objective function value.
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Next consider the least squares problem (8.14) and assume further that ñ < k. That is,
the number of known entries in ai is smaller than k. In this case the matrix Ỹℓ has less rows
than columns, Null(Ỹℓ ) is a non-trivial subspace of Rk , and (8.14) has in initely many solutions.
More precisely, let x∗ denote the minimum norm solution of (8.14). Then x∗ ∈ Range(ỸℓT ) and
the set of all the points that solves (8.14) form the linear manifold
{x∗ + z | z ∈ Null(Ỹℓ )}.
Note also that the ith row of the matrix Xℓ solves (8.14). Hence replacing this row by another
solution of (8.14) does not change entries in the ith row of Wℓ which correspond to known
entries of ai . On the other hand, such a replacement changes some of the other entries in
that row. (Entries of the ith row of Wℓ which correspond to unknown entries of ai .) The last
assertion is deduced from the following observations. Since ñ < k we also have
rank(Ỹℓ ) ≤ ñ < k = rank(Yℓ ).
This means that some rows of Yℓ , rows which correspond to unknown entries of ai , do not
belong to Range(ỸℓT ). Thus at least one of these rows must have a non-zero component in
Null(Ỹℓ ).
The above discussion leads to the following useful conclusion. Let the data matrix, A, have
a row with ñ known entries. If ñ < k then both (8.14) and (1.1) have in initely many solutions.
A similar conclusion is derived from (8.15). Let A have a column with m̃ known entries. If m̃ <
k then both (8.15) and (1.1) have in initely many solutions. These observations have simple
interpretation in the context of Net lix-like matrices: To determine the "taste" of a viewer we
need at least k rates from that user. Similarly, to "characterize" a movie we need at least k
ratings of that movie. The next statement summarizes our indings.
Theorem 2. Let νmin denote the smallest number of known entries in one row or one column of
A. If νmin < k then (1.1) has in initely many solutions.
Observe that νmin provides an upper bound on the value of k for which (1.1) has a unique
solution. Summing the condition on ñ over the rows (the columns) of A leads to the following
conclusion: If
k > min{ν/m, ν/n, 2ν/(m + n)}
then there exists a row, or a column, in which the number of known entries is smaller than
k. Hence in this case (1.1) has in initely many solutions. Recall that ν denotes the number
of known entries in A. We see, therefore, that the ratio between ν and k(m + n) affects the
possibility to have a unique solution. We will return to discuss this issue in Sections 9 and 10,
in the context of exact recovery.

8.6

Regularized least squares problems

In this approach (8.1) is replaced with the problem
minimize Rλ (U, V ) = F (U, V ) + λ(∥U ∥2F + ∥V ∥2F )
subject to U ∈ Rm×k and V ∈ Rn×k ,

(8.17)
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where λ > 0 is a preassigned regularization constant. The optimal value of this problem can't
exceed the value of Rλ (0, 0) = ∥PΩ (A)∥2F . Therefore the search for a minimizer of (8.17) can
be restricted to the ball
{ (U, V ) ∥U ∥2F + ∥V ∥2F ≤ ∥PΩ (A)∥2F /λ },
which ensures the existence of a point (Uλ∗ , Vλ∗ ) that solves (8.17), and that any solution of
this problem lies within this ball. The idea of regularization comes from the solution of illconditioned linear least squares problems, e.g., [23, 110]. In statistics it is called "ridge regression". Roughly speaking, it is aimed to result in an improved problem which is more convex and less ill-conditioned. Thus when using a descent method to solve (8.17) it has better
chances to achieve fast converges toward a local minimizer. Note that in Net lix-like problems
the regularized model (8.17) re lects a "parsimonious" attitude toward rating.
A further insight into the nature of regularized solutions is gained from the following considerations. Assume for a moment the existence of a point (U ∗ , V ∗ ) that solves (8.1), and let
the point (Uλ∗ , Vλ∗ ) solve (8.17). Then, clearly,
Rλ (Uλ∗ , Vλ∗ ) ≤ Rλ (U ∗ , V ∗ ),
and

F (Uλ∗ , Vλ∗ ) + λ(∥Uλ∗ ∥2F + ∥Vλ∗ ∥2F ) ≤ F (U ∗ , V ∗ ) + λ(∥U ∗ ∥2F + ∥V ∗ ∥2F ).

Furthermore, since (U ∗ , V ∗ ) solves (8.1),
0 ≤ F (Uλ∗ , Vλ∗ ) − F (U ∗ , V ∗ ) ≤ λ[(∥U ∗ ∥2F + ∥V ∗ ∥2F ) − (∥Uλ∗ ∥2F − ∥Vλ∗ ∥2F )],
and

∥Uλ∗ ∥2F + ∥Vλ∗ ∥2F ≤ ∥U ∗ ∥2F + ∥V ∗ ∥2F ,

(8.18)

while the last bound implies the limit
lim F (Uλ∗ , Vλ∗ ) = F (U ∗ , V ∗ ).

λ→0+

(8.19)

The bound (8.18) holds for any point (U ∗ , V ∗ ) that solves (8.1). It is possible, therefore, to
lower this bound by choosing a solution of (8.1) that has the smallest norm. This brings us to
consider the following minimum norm problem.
minimize φ(U, V ) = 1/2(∥U ∥2F + ∥V ∥2F )
subject to F (U, V ) ≤ F (U ∗ , V ∗ ).

(8.20)

A point that solves this problem is said to be a minimum norm solution of (8.1). The search
for such a point can be restricted to the ball
{(U, V ) | ∥U ∥2F + ∥V ∥2F ≤ ∥U ∗ ∥2F + ∥V ∗ ∥2F },
which ensures the existence of a point (Ũ , Ṽ ) that solves both (8.1) and (8.20). Replacing
(U ∗ , V ∗ ) with (Ũ , Ṽ ) in (8.18) leads to the following conclusion.
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Theorem 3. The inequality
∥Uλ∗ ∥2F + ∥Vλ∗ ∥2F ≤ ∥Ũ ∥2F + ∥Ṽ ∥2F

(8.21)

holds for any λ > 0. That is, the norm of a regularized solution is smaller than that of a minimum
norm solution.
The last theorem has a useful consequence: We see that for small values of λ a regularized
solution (Uλ∗ , Vλ∗ ) provides a valuable substitute for a minimum norm solution of (8.1). In
Section 10.1.1 we shall see that (8.20) is equivalent to the nuclear norm problem
minimize ∥B∥∗
subject to B ∈ Bk and F (B) ≤ F ∗ ,

(8.22)

where F ∗ = F (U ∗ , V ∗ ) denotes the optimal value of (1.1). That is, both problems share the
same optimal value, and a solution of one problem provides a solution to the other problem.
Moreover, as proved in Theorem 11, if k exceeds a certain value then F ∗ = 0 and (8.20) is
equivalent to the nuclear problem (10.1). In this case, when k is large enough, solving (8.17)
with a small λ provides an approximate solution of (10.1).
The replacement of (8.1) with (8.17) is advocated by several authors. For example, a Newton method for solving (8.17) is proposed in [33], Gradient Descent methods are considered in
[92, 152, 209, 212], and the use of ALS to solve this problem is discussed in [33] and [152]. In
fact, almost all the methods presented in this section are easily modi ied to solve (8.17) instead
of (8.1). However, we skip the details for the sake of brevity. Different types of regularization
are used in OptSpace [145] and JELLYFISH [226], see Section 8.8 below.

8.7

Proximal point methods: ALS and LMaFit

The Iterative SVD method is an example of a proximal point method that is aimed at solving
(1.1). Casting (1.1) in the factored form (8.1) suggests that the method can be modi ied to take
advantage of this form by replacing the SVD computation with a less expensive procedure. In
the new setting the rank-k TSVD matrix is replaced by the product matrix Uℓ VℓT , where Uℓ ∈
Rm×k and Vℓ ∈ Rn×k . As before, the related admissible matrix is denoted by Aℓ . Recall that the
entries of Aℓ which correspond to unknown entries of A obtain the values of the corresponding
entries in the matrix Uℓ VℓT . Using the matrix operator PΩ the last statement can be expressed
as
]
[
Aℓ = PΩ (A) + Uℓ VℓT − PΩ (Uℓ VℓT ) = Uℓ Vℓ + PΩ (A − Uℓ VℓT ).
The proximal problem that corresponds to Aℓ has the form
minimize

Πℓ (U, V ) = ∥Aℓ − U V T ∥2F

subject to U ∈ Rm×k and V ∈ Rn×k ,

(8.23)

and the related proximal functions satisfy
Πℓ (Uℓ , Vℓ ) = F (Uℓ , Vℓ )
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and
Πℓ (U, V ) ≥ F (U, V ) ∀ U ∈ Rm×k , V ∈ Rn×k .
The ℓth iteration, ℓ = 1, 2, . . . , starts with the triplet Uℓ , Vℓ , and Aℓ . Then the matrices Uℓ+1 and
Vℓ+1 are computed in an attempt to solve (8.23). There is no need in computing an accurate
solution, but the computed matrices are restricted to satisfy
Πℓ (Uℓ , Vℓ ) > Πℓ (Uℓ+1 , Vℓ+1 ),
as this restriction forces the descent property
F (Uℓ , Vℓ ) = Πℓ (Uℓ , Vℓ ) > Πℓ (Uℓ+1 , Vℓ+1 ) ≥ F (Uℓ+1 , Vℓ+1 ).
In practice the proximal problem can be solved by any minimization method. Then using
(Uℓ , Vℓ ) as starting point is likely to ensure the descent property. Once Uℓ+1 and Vℓ+1 are computed, Aℓ+1 is de ined to be the related admissible matrix.

The Proximal-ALS algorithm
To illustrate the above ideas we consider a simple algorithm in which the proximal problem is
solved by applying one ALS iteration. In this implementation Uℓ+1 is obtained by solving the
problem
minimize Ψ(U ) = ∥Aℓ − U VℓT ∥2F .
U ∈Rm×k

Then Vℓ+1 is computed by solving the problem
minimize φ(V ) = ∥Aℓ − Uℓ+1 V T ∥2F .
V ∈Rn×k

Using the pseudoinverses of Vℓ and Uℓ+1 , the Proximal-ALS iteration is summarized as follows.
Uℓ+1 = Aℓ (Vℓ† )T ,
†
T
Vℓ+1
= Uℓ+1
Aℓ ,

and

]
[
T
T
) .
− PΩ (Uℓ+1 Vℓ+1
Aℓ+1 = PΩ (A) + Uℓ+1 Vℓ+1

The practical solution of the above pair of problems can be done with two QR factorizations.
First a QR factorization of Vℓ is used to compute the rows of Uℓ+1 . Then a QR factorization of
Uℓ+1 is used to compute the rows of Vℓ+1 . Recall that the ALS iteration (8.12)-(8.13) requires
a different QR factorization for nearly every row of Uℓ+1 and Vℓ+1 . Hence the Proximal-ALS
iteration achieves a considerable simplicity and saving.
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The LMaFit algorithm
A further saving is achieved in the "LMaFit" algorithm proposed by Wen et al. [277]. Here
the basic Proximal-ALS iteration is carried out with only one QR factorization which is used to
generate an orthonormal basis to the column space of the matrix Aℓ Vℓ . In this iteration Uℓ+1
is de ined to be the resulting orthonormal basis. Then, since Uℓ+1 has orthonormal columns,
T
T
Aℓ . The equivalence of the two iterations follows from
= Uℓ+1
Vℓ+1 is given by the equality Vℓ+1
the observation that
(
)
Range(Uℓ+1 ) = Range Aℓ (Vℓ† )T = Range(Aℓ Vℓ ).
This equality allows us to replace Uℓ+1 with an orthonormal basis of Range(Aℓ Vℓ ). If Vℓ has full
column rank, then Vℓ† = (VℓT Vℓ )−1 VℓT and the claim is straightforward. Otherwise, when the
columns of Vℓ are linearly dependent, the proof is concluded by using the SVD of Vℓ , see [277].
Another modi ication that is introduced in LMaFit [277] is the use of an SOR-like acceleration. Let w ≥ 1 denote the SOR parameter, then the formal description of the accelerated
iteration is as follows:
Uℓ+1 = Aℓ (Vℓ† )T ,
Uℓ+1 (w) = wUℓ+1 + (1 − w)Uℓ ,
†
Vℓ+1 = Uℓ+1
(w)Aℓ ,
Vℓ+1 (w) = wVℓ+1 + (1 − w)Vℓ ,

[

and
Aℓ+1 (w) = PΩ (A) +

T
Uℓ+1 (w)Vℓ+1
(w)

−

)]

(

T
PΩ Uℓ+1 (w)Vℓ+1
(w)

.

The LMaFit algorithm implements this updating with a single QR factorization. The SOR parameter is adjusted in every iteration by some "trial and error" procedure, where the inal
value in one iteration serves as the starting value in the next iteration. See [277] for more
details.

8.8

Gradient descent methods: OptSpace, Funk's scheme, and JELLYFISH

The gradient vector of F (U, V ) at a given point, (U, V ), can be expressed as a pair of matrices,
U ′ = (u′ij ) ∈ Rm×k and V ′ = (vij′ ) ∈ Rn×k , where
u′ij =

∂F
∂uij

(U,V )

and vij′ =

∂F
∂vij

.
(U,V )

Using these notations it is easy to verify that
U ′ = −2[PΩ (A) − PΩ (U V T )]V
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and

V ′ = −2[PΩ (A) − PΩ (U V T )]T U.

Therefore making a small step in the steepest descent direction, −(U ′ , V ′ ), is likely to reduce
the objective function value. This idea motivates the gradient descent method. Starting from
a given initial point (U0 , V0 ), it generates a sequence of points (Uℓ , Vℓ ), ℓ = 1, 2, . . ., where
(Uℓ+1 , Vℓ+1 ) is obtained from (Uℓ , Vℓ ) by the following rule:
Uℓ+1 = Uℓ + θ[PΩ (A) − PΩ (Uℓ VℓT )]Vℓ ,

(8.24a)

Vℓ+1 = Vℓ + θ[PΩ (A) − PΩ (Uℓ VℓT )]T Uℓ ,

(8.24b)

and
where θ > 0 is a step-length parameter.
The basic iteration is often modi ied to allow a different step-size for each iteration, which
is determined by some "line-search" procedure. Below we consider further modi ications of
the basic scheme. The irst method has the lavor of minimization on Grassmann manifolds,
but the discussion of this issue is deferred until Section 8.10.

OptSpace: The use of orthogonal factors
The OptSpace algorithm is proposed by Keshavan and Oh in [145]. As we have seen, it is possible to assume that the matrices U and V have orthogonal columns. This converts (8.1) into
the problem
minimize

F (U, S, V ) = ∥PΩ (A) − PΩ (U SV T )∥2F

subject to U ∈ Rm×k , S ∈ Rk×k , V ∈ Rn×k ,
U T U = mI and V T V = nI,
which is solved by OptSpace. The main idea behind OptSpace is that for a given pair of orthogonal matrices, U and V , the optimal value of S is obtained by solving the problem
minimize ∥PΩ (A) − PΩ (U SV T )∥2F .
S∈Rk×k

The last problem is essentially a linear least squares problem: The linear system to solve has k 2
unknowns and ν equations. The unknowns are the entries of S and the equations are derived
from the desired equalities
uTi Svj = aij ∀(i, j) ∈ Ω.
This way, given Uℓ and Vℓ , the OptSpace algorithm computes the related optimal matrix, Sℓ , by
generating and solving the relevant linear least squares problem. Now the gradient descent
step (8.24) implies the update
]
[
Uℓ+1 = Uℓ + θ PΩ (A) − PΩ (Uℓ Sℓ VℓT ) Vℓ SℓT
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and

[

Vℓ+1 = Vℓ + θ PΩ (A) −

]T

PΩ (Uℓ Sℓ VℓT )

Uℓ Sℓ ,

which destroys the orthogonality of these matrices. Hence, before starting the next iteration,
the algorithm orthogonalizes the columns of Uℓ+1 and Vℓ+1 . Then Sℓ+1 is computed from the
rule
Sℓ+1 = arg min F (Uℓ+1 , S, Vℓ+1 ).
S

The proposed OptSpace iteration includes a bisection type line-search algorithm, as well as
safeguards that help to handle ill-conditioned matrices.
The way OptSpace achieves regularization differs from the one discussed in Section 8.6.
Here the regularizing term takes the form
∑
λ
(uTi Svj )2
(i,j)∈Ω
/

where λ is a preassigned positive constant. This way large values of λ force the completed
entries to be small. A second way to achieve regularization in OptSpace has the form λ∥S∥2F .
If U T U = mI and V T V = nI, as in OptSpace, then
/
∥S∥F = ∥U SV T ∥F (mn).
Hence this regularization seeks a low-rank approximation with small Frobenius norm.
Another feature which characterizes OptSpace is the use of a starting procedure that determines the value of k and provides a starting point (U0 , S0 , V0 ). The algorithm achieves these
goals by conducting a "trimming" process that converts PΩ (A) into a matrix T ∈ Rm×n . Then
the SVD of T is used to determine k, and the resulting rank-k Truncated SVD of T de ines the
starting point. A row (column) of PΩ (A) is said to be over-presented if the number of known
entries in this row (column) is more than twice the average. The trimming process set to zero all the entries in over-presented rows and columns. For detailed discussions of the above
ideas see [144] and [145].

Funk's scheme: Taking advantage of sparsity
In "Net lix like" problems both PΩ (A) and PΩ (U V T ) are huge and highly sparse matrices.
Hence the basic gradient descent iteration is modi ied to take advantage of this feature. The
idea comes from the equality
∑
(U ′ , V ′ ) =
(Uij′ , Vij′ ),
(i,j)∈Ω

where (Uij′ , Vij′ ) denotes the gradient vector of the function
fij (U, V ) = (aij − uTi vj )2 .
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Note that the ith row of Uij′ equals −2(aij − uTi vj )vTj , while all the other rows of this matrix
are null rows. Similarly, the jth row of Vij′ equals −2(aij − uTi vj )uTi , and all the other rows
of this matrix are null rows. Therefore the increment −θ(U ′ , V ′ ) can be computed from that
sum. A further saving is achieved by adding the matrices −θ(Uij′ , Vij′ ) directly to the current
solution point (U, V ). (For the sake of simplicity we omit the iteration index.) This way the
basic iteration consists of one sweep over the known entries of A, where for each index pair
(i, j) ∈ Ω we do as follows.
a) Compute η = θ(aij − uTi vj ).
b) Set the ith row of U to be ui + ηvj .
c) Set the jth row of V to be vj + ηui .
This elegant scheme is often attributed to Funk [92]. The modi ied iteration is very simple
and requires minimal amounts of storage and lops. Apart from the basic information on the
known entries of A, it uses only the two matrices U and V . The basic iteration is carried out
with 3kν + 1 multiplications, and a similar number of additions. The simplicity of Funk's
scheme makes it a useful tool for solving large Net lix-like problems, e.g., [92, 151, 152, 209,
212]. A further advantage lies in the ability to achieve parallel computing.

JELLYFISH: Adaptation to parallel computing
The JELLYFISH algorithm [226] is designed to run on a parallel computer with a number of
processors. It is based on a modi ied version of Funk's iteration in which the computational effort is equally partitioned between the processors. On large scale problems this admits
a speed-up nearly proportional to the number of processors. The partition of the work between the processors is based on the following idea. Assume for a moment that we have two
processors, say P1 and P2 . Then the data matrix, A, is split into four submatrices,
[
]
A11 A12
A=
,
A21 A22
where all the submatrices have nearly the same number of rows and columns. The submatrix
A11 has the same number of rows as A12 , and the same number of columns as A21 . In this setting the basic iteration consists of two "rounds". In the irst round P1 considers the (known)
entries of A11 , and P2 considers the entries in A22 . In the second round P1 considers the entries
of A12 , and P2 considers the entries in A21 . This way the work is equally partitioned between
the two processors. Assume now that our computer has three processors. In this case A is
partitioned into three rows and three columns of submatrices, Aij , i = 1, 2, 3, j = 1, 2, 3.
As before, submatrices that belong to the same row have the same number of rows, and submatrices that belong to the same column have the same number of columns. Here the basic
iteration consists of three "rounds". The irst round considers the matrices A11 , A22 , A33 . The
second one considers A12 , A23 , A31 , and the third round considers A13 , A21 , A32 . At each round
each processor is assigned a different submatrix. This way, when executing a speci ic round,
entries that "belong" to different processors are located in different rows and columns of A,
and relate to different rows of U and V . Hence the update of U and V , according to Funk's
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formula, can be done in parallel, sharing the work between the three processors. The extension to p processors is done in a similar way. Note that there is a simple rule for generating
the related p rounds. The irst round considers the submatrices A11 , A22 , . . . , App . The second
round considers the submatrices A12 , A23 , . . . , Ap−1,p , Ap,1 , and so forth.
In JELLYFISH the partition of the data into submatrices is changing every iteration in a
random way. The basic iteration starts by randomly generating two permutations matrices,
say Πrow ∈ Rm×m and Πcol ∈ Rn×n . Then the partition of the data into submatrices is done
by replacing A with Πrow AΠcol . The permutation matrices are generated by applying the
"Knuth shuf le" algorithm. The use of permutations is aimed to improve the performance of
the algorithm. See the discussion of this issue in [226].
The JELLYFISH algorithm is designed to minimize two types of regularized least squares
problems. Both ways differ from the standard regularization (8.17). In the irst option the
regularizing term has the form
λ

m
(∑

∥ui ∥22 /ρi

i=1

+

n
∑

)
∥vj ∥22 /ηj ,

j=1

where ui and vj are de ined as in (8.1), ρi denotes the number of known entries in the ith row
of A, and ηj denotes the number of known entries in the jth column of A. That is the smaller
the number of known entries in a certain row or column the larger its weight. In the second
option the regularized problem has the form
∑
(aij − uTi vj )2
minimize F (U, V ) =
(ij)∈Ω

subject to
and

∥ui ∥22
∥vj ∥22

≤ β for i = 1, . . . , m,
≤ β for j = 1, . . . , n,

where β > 0 is a preassigned bound.
The basic iteration does not include a line-search algorithm. The experiments in [226] are
carried out with a variable step-size parameter, α, that changes every iteration. In random
test problems the starting value is α = 0.1. Then α is reduced by a factor of 0.9 after each
iteration. In collaborative iltering experiments the step-size is initialized at α = 0.05 and is
reduced by a factor of 0.8 after each iteration.
The JELLYFISH algorithm has a unique way to determine k, the number of columns in U
and V . The starting value of k is de ined as
/
k = ν [3(m + n)],
where ν denotes the overall number of known entries. This choice is aimed to guarantee a
positive de inite Hessian at the solution point. Yet the resulting value of k might be "too large".
Hence, after a few iterations, the algorithm makes an inspection that estimates the rank of the
current approximating matrix, U V T . If the estimated rank is smaller than k, the value of k
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is reduced to this smaller rank, and the algorithm rerun from scratch with the smaller rank.
In order to assess the rank of the product matrix U V T the algorithm computes approximate
SVDs of U and V . These approximations are obtained by sampling 2k log k rows of U (of V )
and computing exact SVDs of the smaller matrices. The reader is referred to Recht and Re
[226] for detailed discussions of the above ideas.

8.9

Fast converging methods: Newton, Gauss-Newton and Wiberg

In this section we brie ly overview a number of fast converging methods for solving (8.1). As
noted before, the objective function to minimize is the sum of squares of ν nonlinear equations
in k(m + n) unknowns. Traditional methods for solving nonlinear least squares problems
include Newton's method (for minimization) and the Gauss-Newton method, e.g., [65, 84, 99].
Yet, as we have seen, the related Jacobian and Hessian matrices can be rank-de icient. The
usual ways to resolve rank-de iciency are the Levenberg-Marquardt (L-M) modi ication, the
trust-region approach, and regularization.
Explicit formulae for calculating the Hessian matrix of F (U, V ) can be found in [33]. The
last paper considers the use of an L-M Newton method for solving (8.17). The Hessian matrix
of F (U, V ) is a symmetric p × p matrix, where p = k(m + n). So the basic iteration of Newton's method involves the solution of a symmetric p × p linear system, which requires about
0(p3 /6) lops. Thus, Newton's iteration is expected to be far more "expensive" than the ALS
iteration. This observation motivates the use of a "hybrid" method which starts by performing
a ixed number of ALS iterations, then switch to Newton's iterations, see [33]. The discussion
of hybrid methods is deferred to Section 8.13.
We have seen that for any n×k matrix, V , there exists an "optimal" m×k matrix, U = U (V ),
that solves the problem
minimize Ψ(U ) = F (U, V ).
U ∈Rm×k

If all the entries of A are known then the solution is simply U = (V † AT )T , where V † denotes
the pseudoinverse of V . Otherwise, when A has missing entries, the solution matrix is computed row after row, as in the ALS iteration. The relation U = U (V ) enables us to rewrite
(8.1) in the form
minimize G(V ) = F (U (V ), V ),
V ∈Rn×k

where here the unknowns to ind are the entries of V . More precisely, let ãi be de ined as in
(8.14) and let the matrix Ṽi be obtained from V by deleting the rows of V which correspond to
missing entries in the ith row of A. Then the ith row of the matrix U = U (V ) equals (Ṽi† ãi )T
and
)2
∑ ( †
T
(Ṽi ãi ) vj − aij ,
(8.25)
G(V ) =
(i,j)∈Ω

where vj denotes the jth row of V . A similar reduction is possible by expressing V as a function of U .
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Least squares problems of this form, whose variables can be separated into two groups
such that the optimal value of one group is easily computed for any given value of the other group, are called "separable". The use of Gauss-Newton algorithms for solving separable
nonlinear least squares problems is studied in [23, 108, 109, 142, 234], but these works don't
concentrate on problems with missing entries.
Applying the Gauss-Newton method to solve the reduced problem (8.25) results in the
Wiberg algorithm, e.g., [43, 208, 232, 278]. In this approach the objective function, G(V ), is
expressed as the sum of squares of a residual vector function, r(V ), that has ν components;
and the method requires the Jacobian matrix of r(V ). For detailed description and discussion
of Wiberg's algorithm see [208].
The use of an L-M Newton method for minimizing G(V ) is proposed by P. Chen [43]. Since
V is an n×k matrix, the gradient vector of G(V ) has nk components, while the Hessian of G(V )
is a symmetric nk × nk matrix. So here Newton's iteration involves the solution of a symmetric nk × nk linear system. A second approach considered in [43] is the Newton-Grassmann
method.

8.10

Newton-Grassmann methods

The set of all k-dimensional subspaces in Rn is called the Grassmann manifold Gnk . Let [V ]
denote the subspace of Rn which is spanned by the columns of V . Since V ∈ Rn×k and V is
assumed to have full column rank, [V ] is a point on Gnk . Furthermore, let T be any invertible
matrix in Rk×k , then the equalities G(V ) = G(V T ) and [V ] = [V T ] imply that our objective
function is de ined on points of Gnk .
In this section we consider the use of Newton method to minimize G(V ) on the Grassmann
manifold Gnk . We use an iterative algorithm that generates a sequence of matrices Vℓ ∈ Rn×k ,
ℓ = 1, 2, . . . , such that G(Vℓ+1 ) ≤ G(Vℓ ). The difference between Vℓ and Vℓ+1 is denoted by
Zℓ . That is, Vℓ+1 = Vℓ + Zℓ for some matrix Zℓ ∈ Rn×k . Let [Vℓ ]⊥ = Null(VℓT ) denote the
orthogonal complement of [Vℓ ]. Then Zℓ has unique presentation in the form Zℓ = Z̃ℓ + Ẑℓ ,
where the columns of Z̃ℓ belong to [Vℓ ] and the columns of Ẑℓ belong to [Vℓ ]⊥ . Therefore, since
[Vℓ + Z̃ℓ ] = [Vℓ ], the change in the value of G(V ) is caused by Ẑℓ alone. This observation allows
us to restrict the choice of Zℓ to matrices in Rn×k whose columns belong to [Vℓ ]⊥ . Moreover,
let Nℓ ∈ Rn×(n−k) be a given matrix whose columns form a basis of [Vℓ ]⊥ . Then it is possible
to assume that Zℓ has the form Nℓ Lℓ for some matrix Lℓ ∈ R(n−k)×k . Therefore, once Nℓ is
computed, the increment matrix, Zℓ = Nℓ Lℓ , is found by searching a matrix Lℓ ∈ R(n−k)×k
that attempt to minimize the objective function Hℓ (L) = G(Vℓ + Nℓ L). The second method
proposed in [43] de ines Lℓ to be the Newton's direction related to Hℓ (L). This way there is a
smaller system to solve, but we need to compute Nℓ , a matrix whose columns span Null(VℓT ).
A different Newton-Grassmann method is proposed in [77]. This algorithm avoids the
computation of Nℓ . Instead it forces the increment matrix, Zℓ , to satisfy VℓT Zℓ = 0. In this
version the Newton direction is obtained by solving a symmetric linear system of order p × p
where p = k(m + n).
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8.11

Gradient descent on the Grassmann manifold: Moving along a geodesic
curve, GROUSE and SET

For large values of m and n Newton's iteration becomes expensive, which motivates the search
for simpler iterations. Indeed, as we are about to show, the use of gradient descent methods
on the Grassmann manifold gives rise to elegant ingenious schemes. The proposed methods
are designed to compute a minimizer of the function
(
)
G(U ) = F U, φ(U )
(8.26)
on the Grassmann manifold Gm
k , where
φ(U ) = arg min F (U, V ).
V ∈Rn×k

The matrix V = φ(U ) is obtained as in the second step of the ALS iteration. To clarify this
statement we introduce the following notations. Let the vectors cj ∈ Rm and vj ∈ Rk denote
the jth columns of A and V T , respectively. The jth column of A is also used to de ine a diagonal
matrix,
Dj = diag{d11 , . . . , dmm } ∈ Rm×m ,
whose entries satisfy the rule dii = 1 when aij is known, and dii = 0 when aij is missing. Then
vj is de ined to be minimum norm solution of the linear least squares problem
minimize

∥Dj (U v − cj )∥22

subject to

v ∈ Rk .

In other words
vj = vj (U ) = arg min ∥Dj (U v − cj )∥22 .
v∈Rk
Moreover, de ine
Gj (U ) = ∥Dj (U vj − cj )∥22 ,
then
G(U ) =

n
∑

j = 1, . . . , n,

Gj (U ).

j=1

Given U and V = φ(U ) the related steepest descent matrix has the form
(
)
W = −▽G(U ) = PΩ (A) − PΩ (U V T ) V.
In classic gradient descent step we proceed from U to a point U + θW , where θ > 0 is a
step-length parameter. Since U presents a point on Gm
k it is assumed to have full column rank.
However, the new point U + θW can be a rank-de icient matrix that fails to provide a point on
Gm
k . This obstacle invites the use of geodesic curves.
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On Grassmann manifolds straight lines are replaced by geodesic curves. Roughly speaking,
a geodesic curve between two points on a Grassmann manifold is the path of shortest length
in the manifold that connects these points. The basic idea is to move from U into a point that
lies on the "steepest" geodesic curve. That is, a geodesic curve that starts at U and proceeds
with a constant tangent vector W = −▽G(U ). The formula that de ines this curve uses the
SVD of W , see equation (2.65) in [72]. Let
W = Ũ S Ṽ T
be an SVD of W , where s1 ≥ s2 ≥ · · · ≥ sk ≥ 0 denote the singular values of W and
S = diag{s1 , · · · , sk } ∈ Rk×k .
Then the corresponding geodesic curve is given by the formula
[ cos Sθ ]
U (θ) = [U Ṽ , Ũ ]
Ṽ T
sin Sθ
where cos Sθ and sin Sθ are diagonal matrices:
cos Sθ = diag{cos(s1 θ), . . . , cos(sk θ)} ∈ Rk×k
and
sin Sθ = diag{sin(s1 θ), . . . , sin(sk θ} ∈ Rk×k .
This formula enables us to achieve a gradient descent step on the Grassmann manifold Gm
k .
However, since the matrices U, V = φ(U ) and W are not necessarily sparse, for large values
of m, n, and k, the use of this formula can be "too expensive". The algorithms described below
generate descending geodesic curves without computing a full SVD of W .

The GROUSE algorithm
The GROUSE algorithm of Balzano et al. [18] is based on the following observations. The
gradient of Gj (U ) is the rank-one matrix −2rj vTj , where rj denotes the related residual vector,
rj = Dj (U vj − cj ).
Note that U T rj = 0, since vj solves the related least squares problem. Moreover, let σ =
2∥rj ∥2 ∥vj ∥2 denote the singular value of the rank-one gradient matrix and consider the unit
vectors
/
/
/
p̂j = U vj ∥U vj ∥2 , v̂j = vj ∥vj ∥2 , and r̂j = rj ∥rj ∥2 .
Then σ r̂j v̂Tj = 2rj vTj , and the geodesic curve that corresponds to this matrix has the form
U (θ) = U + sin(σθ)r̂j v̂Tj + (cos(σθ) − 1)p̂j v̂Tj .
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The idea of GROUSE is to apply a series of small steps along these curves. More precisely, let
θj > 0 denote the step-length along the jth curve. Then the basic iteration is composed of n
steps. Let U denote the current solution at the beginning of the jth step, j = 1, . . . , n. Then U
is updated by using the last formula with θ = θj .
The main effort in one iteration of GROUSE comes form the need to solve n different linear least squares problems. Note that similar linear least squares problems are solved in the
second part of the ALS iteration.

The SET algorithm
A different way of building a descending geodesic curve, and moving along it, is applied in the
SET algorithm, which is proposed by Dai et al. [51]. Let U denote the current point at the
beginning of the basic iteration, and let W = −▽F (U ) denote the related steepest descent
matrix. The SET iteration starts by computing a rank-one matrix, σxyT , that approximates W .
That is, σ is the largest singular value of W , and the unit vectors x and y are the corresponding
left and right singular vectors. Let the n vectors u1 , . . . , uk denote the columns of U . It is shown
in [51] that when W is replaced by its rank-one approximation the related geodesic curve can
be written as
U (θ) = [u1 cos θ + x sin θ, u2 , . . . , uk ], θ ∈ [0, π).
The second part of the iteration updates U to be U (θ) where θ is "proper" step-size. The heart
of this part is a "line search" procedure
(
)that attempts to ind a "satisfactory" local minimizer
of the one parameter function
G
U
(θ)
. The dif iculties in conducting such a search come
(
)
from the nonconvexity of G U (θ) . This allows the existence of local minimizers which are
separated by "barriers". The proposed line search uses the equality
n
(
) ∑
(
)
G U (θ) =
Gj U (θ)
j=1

to detect the relevant barriers. See [50] and [51] for the details.

8.12

Riemannian optimization: Steepest descent, Conjugate Gradients
and Trust-Region methods

Optimization on manifolds, or Riemannian optimization, is a fast growing branch of nonlinear
optimization that is aimed at minimizing a smooth objective function on a Riemannian manifold. Roughly speaking, a Riemannian manifold M has the property that at each point M ∈ M
there exists a tangent space TM , which is equipped with an inner product, and the inner product smoothly depends on M . For recent discussions of this methodology see [2, 3, 26, 27, 243].
To illustrate how Riemannian optimization works we consider the set of rank-k matrices
B∗k = {B B ∈ Rm×n and rank(B) = k},
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which is known to be a Riemannian manifold. Let B ∈ B∗k be a given rank-k matrix. Then B
has a "short" SVD of the form B = U ΣV T , where U ∈ Rm×k , U T U = I, V ∈ Rn×k , V T V =
I, Σ = diag{σ1 . . . , σk } ∈ Rk×k , and σ1 ≥ · · · ≥ σk > 0 are the singular values of B. Let TB
denote the tangent space of B∗k at B. Then this space is composed of all the matrices T ∈ Rm×n
that can be expressed in the form
T = U CV T + Ũ V T + U Ṽ T ,
where the matrices C, Ũ and Ṽ satisfy C ∈ Rk×k , Ũ ∈ Rm×k , Ṽ ∈ Rn×k , U T Ũ = 0 and
V T Ṽ = 0. The inner product on TB is de ined as ⟨X, Y ⟩ = trace(X T Y ). The problem that we
want to solve is the ixed-rank matrix completion problem
minimize
F (B) = ∥PΩ (A) − PΩ (B)∥2F
subject to B ∈ B∗k .

(8.27)

We shall start by considering the Riemannian steepest descent method. Starting at B, the
basic iteration is composed of the following two steps.
Step 1: Projection. Project the steepest descent matrix R = PΩ (A) − PΩ (B) on TB . The
projected matrix T ∈ TB has the form
T = U CV T + Ũ V T + Ũ V T
where the matrices C, Ũ and Ṽ are computed from the equalities C = U T RV, Ũ = RV − U C
and Ṽ = RT U − V C T .
Step 2: Retraction. Moving on TB at the steepest descent direction brings us to the point
B + θT , where θ > 0 is a step-length parameter. The retraction operation projects this point
back on B∗k . The projected point serves as starting point for the next iteration.
The projection on B∗k is carried out by solving the problem
minimize ξ(X) = ∥B + θT − X∥2F
subject to X ∈ B∗k ,
whose solution is obtained by computing a rank-k TSVD of the matrix B + θT . This task becomes simpler by using the equality
B + θT = [U, Ũ ]H(θ)[V, Ṽ ]T
where

[

Σ + θC θI
H(θ) =
θI
0

]

is a 2k × 2k matrix. This way, after performing QR factorizations of Ũ and Ṽ , say Ũ = Qu Ru
and Ṽ = Qv Rv , the SVD of B + θT is obtained by computing the SVD of the 2k × 2k matrix
]
[
Σ + θC θRvT
.
H̃(θ) =
θRu
0
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The above iteration illustrates two basic techniques in Riemannian optimization. The projection of a direction matrix on TB and the use of "retraction curves". Let B ∗ (θ) denote the
projection of B + θT on B∗k . In Riemannian optimization the "retraction curve" B ∗ (θ), θ > 0,
serves as substitute for the corresponding geodesic curve. The motivation for this replacement comes from the following saving: Computing a point on the retraction curve requires a
2k × 2k SVD, while computing a point on the related geodesic curve requires an m × n SVD.
Let us turn now to see how the Conjugate Gradients (CG) method is implemented to
solve (8.27) within the Riemannian framework, as proposed in the LRGeomCG algorithm
[272]. Here Bℓ ∈ B∗k denotes the current solution at the beginning of the ℓth iteration, ℓ =
1, 2, . . . , TBℓ denotes the tangent space of B∗k at Bℓ , and the matrix Gℓ ∈ TBℓ denotes the projection of the gradient matrix, PΩ (Bℓ ) − PΩ (A), on TBℓ . The matrix Tℓ ∈ TBℓ is used to denote
the CG search direction on TBℓ . The basic iteration of LRGeomCG is similar to the steepest
descent iteration, but has an intermediate step that is called "vector transport", and projects
direction matrices from TBℓ−1 to TBℓ . (The directions which are needed for constructing the CG
search direction.) Let G̃ℓ−1 ∈ TBℓ and T̃ℓ−1 ∈ TBℓ denote the computed projections. Then the
new search direction, Tℓ , is obtained by applying the Polak-Ribiere CG scheme with G̃ℓ−1 , T̃ℓ−1 ,
and Gℓ . Finally, the retraction step is carried out by projecting the matrix Bℓ − Tℓ back on B∗k .
Another option is to use a Riemannian Trust-Region (RTR) method . Recall that the TR
search direction is obtained by minimizing a local quadratic model of the objective function,
as in Newton's method, but here the minimizer is restricted to stay within a prescribed "trustregion" around the current solution point. The radius of the trust region is determined by a
simple procedure that ensures "suitable" reduction of the objective function. (That is, a reduction that its the anticipated model reduction.) The radius procedure avoids the need to
achieve a line-search. The trust-region modi ication is helpful in minimization of nonconvex
functions, as it prevents convergence toward a nonoptimal stationary point, and increases the
possibility of converging toward a local minimizer. Usually the local quadratic model is based
on the gradient vector and the Hessian matrix at the current point. Yet is some versions the
Hessian is replaced by some other matrix. In particular, replacing the Hessian with the unit
matrix, I, results in a trust-region version of the steepest descent method, in which a radius
procedure replaces the line-search. The use of trust-region methods on Riemannian manifolds
is studied in Absil et al. [2].
The Grassmann manifold Gm
k is another example of a Riemannian manifold. Recall that a
point on Gm
is
a
k
dimensional
subspace of Rm , which is denoted as [U]. This notation means
k
that U ∈ Rm×k , rank(U ) = k, and [U ] = range(U ). That is, [U ] is spanned by the columns of
U . The tangent space of Gm
k at a point [U ] has the form
T[v] = {T T ∈ Rm×k ,

and U T T = O}

Note that there is no loss of generality in assuming that U has orthonormal columns. In this
case the projection of a matrix H ∈ Rm×k on T[v] is simply (I −U U T )H. Following the methodology proposed in [2], Boumal and Absil [26, 27] develop two RTR methods for minimizing
m
(8.26) on Gm
k . The basic RTR iteration starts at a point [U ] ∈ Gk and builds a local quadratic
model on T[v] . The model is built by projecting the gradient and the Hessian on T[v] . See [27]
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for the details. Then a direction matrix, T ∈ T[v] , is computed by minimizing the model within
a suitable radius. Finally the matrix B + T is retracted back to Gm
k . The retraction is achieved
by computing a QR factorization of this matrix, say B + T = QR. Then [Q] serves as starting
point for the next iteration. The irst algorithm, RTRMC1, is an RTR version of the steepest
descent method. The second algorithm, RTRMC2, is an RTR version of Newton's method. See
[27] for detailed discussions of these methods.

8.13

Hybrid methods

The asymptotic rates of convergence of Newton's method and the Gauss-Newton method are
expected to be faster than those of ALS or Gradient Descent methods. The price paid for this
advantage is that the computational effort per iteration is considerably larger. Also, the faster
rate of convergence is expected to occur only in close vicinity of the solution point, while far
from that point Newton's method and the Gauss-Newton method are not expected to show
better progress. On the other hand, as reported by a number of authors, ALS often enjoys
a fast initial rate of convergence. These observations suggest the use of a hybrid algorithm which is capable of taking advantage of both types of methods. The hybrid algorithm is
based on the following idea: Far from the solution point use "simple" iterations, such as ALS or Proximal-ALS, while close to that point use a fast converging iteration, such as Newton,
Wiberg, or Newton-Grassmann. In practice, however, it is dif icult to decide whether we are
"far" or "close". One way to resolve this dif iculty is by dividing the iterative process into two
parts. The irst part performs a preassigned number of "simple" iterations, while the second
part performs "expensive" iterations. The experiments reported in [33], [43], and [77] illustrate the usefulness of this strategy.
A different approach is proposed in [56]. Here the basic iteration is composed of several
"simple" iterations followed by one "expensive" iteration. The number of "simple" iterations is
determined in a way that balances the computational efforts in the two parts of the basic iteration. This strategy avoids the somewhat arbitrary decision of how many "simple" iterations
to apply before starting the "expensive" iterations. Also, combining two (or more) methods in
one basic iteration reduces the possibility to "stuck" in a non-optimal point.

8.14

A gradual rank increasing process (GRIP)

The method proposed in this section combines the basic de lation procedure of Section 8.2
with an effective minimization algorithm for solving (1.1). This yields an improved building
process that gradually builds a sequence of solutions
B1∗ , B2∗ , . . . , Bk∗ , . . . ,

(8.28)

where Bk∗ denotes a computed solution of (1.1). The building process may use any available
method for solving (1.1). The irst matrix, B1∗ , is a rank-one matrix which is obtained by the
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"criss-cross" algorithm. Let Bk∗ = (bij ) be presented in the form
(k)

Bk∗ = Uk VkT =

k
∑

T

(k)
u(k)
,
p vp

p=1

where
(k)

(k)

Uk = [u1 , . . . , uk ] ∈ Rm×k ,

and

(k)

(k)

Vk = [v1 , . . . , vk ] ∈ Rn×k .

∗
and ends with Bk∗ . The building of
Then the kth building step, k = 2, 3, . . ., starts with Bk−1
∗
Bk is carried out via the following ive stages.
(k−1)

Stage 1: Compute the related residual matrix Ã = (ãij ) in the following way. ãij = aij − bij
when aij is known. Otherwise, when aij is unknown, ãij is considered as unknown. Of course,
(k−1)
∗
since Bk−1
is kept as a sum of k − 1 rank-one matrices, bij
is computed from that sum.
Stage 2: Compute a pair of vectors, ũ ∈ Rm and ṽ ∈ Rn , that solve the related rank-one
problem (8.7). The computation of these vectors is carried out by the "criss-cross" iteration
(8.4)-(8.5), using ãij instead of aij .
Stage 3: De ine the matrices X0 ∈ Rm×k , Y0 ∈ Rn×k , and W0 = X0 Y0T , from the equalities
(k−1)

X0 = [u1

(k−1)

(k−1)

, . . . , uk−1 , ũ] and Y0 = [v1

(k−1)

, . . . , vk−1 , ṽ].

Stage 4: Use an iterative minimization algorithm to solve (8.1), with W0 = X0 Y0T as its starting
point.
State 5: De ine Bk∗ to be the computed solution of (8.1)
One advantage of the above scheme is that the algorithm for solving (1.1) is provided a
good starting point. This is likely to reduce the number of required iterations.
Another advantage lies in the information that is gathered from this process: In Section 20
we show that this information can be used to determine the inal length (the optimal rank) of
the computed solutions sequence (8.28). Also, as the next section shows, this process enables
us to solve the rank minimization problem.

9

Rank minimization

This approach achieves imputing by solving the rank minimization problem
minimize
subject to

rank(B)
B ∈ A.

(9.1)

As before A denotes the set (6.1) of admissible matrices. Let B ∗ denote a computed solution
of (9.1). Then the missing entries of A attain the values of the corresponding entries in B ∗ .
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The motivation behind this approach comes from imputing problems in which the original
data constitute a large low-rank matrix. For example, although the rank of the Net lix matrix is
not known in advance, the (unknown) full matrix is expected to be a (nearly) low-rank matrix,
because it is commonly believed that only a few factors contribute to an individual's tastes or
preferences, e.g., [38, 39, 180, 188]. A second motivation comes from the possibility to achieve
"exact recovery". See Theorem 6 below.
The rank minimization problem is known to be NP-hard in general, due to the combinatorial nature of the rank function. This observation is stated in many papers but it is dif icult
to ind a proof of this fact. (It seems to be a consequence of Natarajan's observation [200]
that the cardinality problem (10.2) is NP-hard.) The dif iculty in solving the minimum rank
problem is often resolved by using indirect methods that replace (9.1) with a similar problem
which is simpler to solve. For example, replacing (9.1) with the nuclear norm problem (10.1).
This approach is discussed in the next section. Other indirect methods for solving (9.1) are
described below.

9.1

Indirect methods: Hard-Impute and IRLS

The Hard-Impute algorithm is proposed by Mazumder et al. [188]. It seeks a matrix B ∈ Rm×n
that solves the "hard-thresholding" problem
minimize χ(B) = ∥PΩ (B) − PΩ (A)∥2F + λ rank(B)

(9.2)

where λ > 0 is a preassigned constant. The last problem is solved via the "Hard-Impute"
iterative SVD that we described in Section 6.
Another indirect method for solving (9.1) is the IRLS method. The name stands for Iterative Reweighted Least Squares. The origin of the method lies in the ield of linear least norm
problems, when the residual norm is de ined by the ℓ1 norm and other types of Schatten-p
norms. Recently the method has been adapted to solve the cardinaltiy minimization problem
(10.2) and the basis pursuit problem (10.3). The adaptation of this approach to solve (9.1) is
based on the following observations.
Let X ∈ Rm×n be a given matrix, and let σj (X), j = 1, . . . , n, denote the singular values
of X. Let p > 0 be a given positive number and consider the matrix function
ρ(X) =

n
(∑
(

)P )1/p
σj (X)
.

j=1

If p ≥ 1 then this function is a matrix norm, known as the Schatten-p norm. In particular,
when p = 1 we obtain the nuclear norm. However, when 0 < p < 1 it is neither a convex
function nor a norm. Nevertheless, we can use it to construct smooth approximations to the
rank function. In practice it is convenient to minimize the related power function
P

τ (X) = (ρ(X)) =

n
∑

(σj (X))P

j=1
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instead of ρ(X). This brings us to consider the problem
minimize τ (X)
subject to X ∈ A,
with 0 < p ≤ 1, as a substitute for (9.1).
The IRLS method is aimed at solving the last problem. Let the matrix Xℓ denote the current
solution at the beginning of the ℓth iteration, ℓ = 1, 2, . . . , and assume for a moment that Xℓ is
a full rank matrix. In this case the matrix
Wℓ = (XℓT Xℓ )(p−2)/2
is well de ined and
τ (Xℓ ) = trace(Wℓ2 XℓT Xℓ ) = ∥Wℓ XℓT ∥2F .
Moreover, since Wℓ is a symmetric positive de inite matrix, the equality
trace(Wℓ2 X T X) = ∥Wℓ X T ∥2F
holds for any matrix X ∈ Rm×n . These relations suggest that the proximal function
Πℓ (X) = ∥Wℓ X T ∥2F
can be used to approximate τ (X) in a close vicinity of Xℓ . However, the de inition of Wℓ should
be modi ied to handle low-rank matrices. The modi ication which is given below is due to
Mohan and Fazel [198]. The resulting IRLS iteration is composed of the following two steps.
Step 1: De ine Wℓ by the rule
Wℓ = (XℓT Xℓ + γℓ I)(p−2)/2
where γℓ > 0 is a small positive number.
Step 2: Compute Xℓ+1 to be a solution (or an approximate solution) of the proximal problem
minimize Πℓ (X) = ∥Wℓ X T ∥2F
subject to X ∈ A.
The last problem resembles problem (7.8) in the FRAA algorithm. It is a linear least squares
problem whose unknown variables are the unknown entries of X. Consequently , the solution
matrix, Xℓ+1 , can be obtained from Wℓ , row after row, as in FRAA. However, as far as we know,
this way of implementing the IRLS method has not yet been tested.
Mohan and Fazel [198] have used a Gradient Projection (GP) method for solving the proximal problem. The proposed inner iteration is based on the observations that the gradient of
Πℓ (X) at a point X̂ ∈ Rm×n points at the direction of X̂Wℓ , while the projection of this vector
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on the subspace {Y |Y ∈ Rm×n and PΩ (Y ) = 0} has the form X̂Wℓ − PΩ (X̂Wℓ ). For example,
if only one GP iteration is used, Step 2 is simpli ied as follows.
Step 2∗ : De ine a positive step-length θℓ > 0 and set
)
(
Xℓ+1 = Xℓ − θℓ Xℓ Wℓ − PΩ (Xℓ Wℓ ) .
A different version of IRLS is proposed in Fornasier et al. [85], who concentrate on nuclear
norm minimization, when p = 1. Yet in all versions of IRLS the computation of Wℓ requires
the SVD of Xℓ .

9.2

Direct methods: GRIP, SVP, and ADMIRA

A further way to resolve the minimum rank problem is opened by the following observation.
Theorem 4. Let the matrix Bk∗ , k = 1, . . . , n, solve (1.1). Then there exists a rank index, k ∗ ,
such that
F (Bk∗ ) > 0 for k = 1, . . . , k ∗ − 1,

and F (Bk∗ ) = 0 for k = k ∗ , . . . , n.

(9.3)

That is, k ∗ is the smallest rank index for which F (Bk∗ ) = 0. Furthermore, the matrix Bk∗∗ solves
(9.1). Conversely, let B ∗ solve (9.1) and de ine k ∗ to be rank(B ∗ ). Then k ∗ satis ies (9.3) and
F (B ∗ ) = 0 for k = k ∗ , . . . , n. In other words, the matrix B ∗ solves (1.1) for k = k ∗ , . . . , n.
∗
Proof. The de inition of Bk∗ implies the inequalities F (Bk∗ ) ≥ F (Bk+1
), k = 1, 2, . . . , n − 1, and
∗
the equality F (Bn ) = 0. These relations ensure the existence of an index k ∗ for which (9.3)
holds. Now on one hand the equality F (Bk∗∗ ) = 0 implies that Bk∗∗ is an admissible matrix. On
the other hand the inequalities F (Bk∗ ) > 0, k = 1, . . . , k ∗ − 1, imply that the admissible set
does not contain matrices whose rank is smaller than k ∗ . This proves that Bk∗∗ solves (9.1).
The converse claim follows from similar arguments.

Remark: We have seen that (1.1) is not always solvable. In this case Bk∗ denotes a computed
solution of (1.1).
The last theorem has an important practical consequence: We can use the GRIP algorithm
to build the sequence B1∗ , B2∗ , . . . , Bk∗∗ . If k ∗ is not expected to be small the search may take
larger steps. For example, in Meka et al. [190] the authors suggest to solve (1.1) with the SVP
iteration (6.10) - (6.11). Then, starting from some initial rank, the least squares problem (1.1)
is repeatedly solved with increasing values of k. Each time k is increased by a ixed number
(e.g., 10) until the objective function of (1.1) stops to decrease. A different search for k ∗ and
Bk∗∗ is conducted in the ADMIRA algorithm of Lee and Bresler [165, 166]. As before the least
squares problem (1.1) is solved a number of times, using trial values for k. But here the trial
values are determined by a bisection search on k, until k ∗ is found.
The name ADMIRA stands for Atomic Decomposition for Minimum Rank Minimization, but
the basic algorithm is designed to solve (1.1). It is an iterative algorithm that uses "atoms",
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where "atom" refers to a rank-one matrix, Ψ = uvT ∈ Rm×n , such that ∥u∥2 = ∥v∥2 = 1.
The ℓth iteration, ℓ = 1, 2, . . . , is composed of the following three steps, starting with a rank-k
matrix, Bℓ , and a set of k atoms, Ψ1 , . . . , Ψk such that Bℓ ∈ Span {Ψ1 , . . . , Ψk }.
Step 1: Compute a set of 2k atoms, say Ψk+1 , . . . , Ψ3k , that solves the problem
minimize ∥PΩ (A) − PΩ (Bℓ ) − X∥2F
subject to X ∈ Span {Ψk+1 , . . . , Ψ3k }.
The solution of this problem is achieved by a rank-2k TSVD of the matrix PΩ (A) − PΩ (Bℓ ).
Step 2: Compute a matrix Yℓ ∈ Rm×n that solves the problem
minimize ∥PΩ (A) − Y ∥2F
subject to Y ∈ Span {Ψ1 , . . . , Ψ3k }.
The last problem is essentially a linear least squares problem in 3k unknowns and ν linear
equations.
Step 3: De ine Bℓ+1 to be a rank-k TSVD of Yℓ . This TSVD also provides the related k atoms of
Bℓ+1 .
Lee and Bresler [165, 166] suggest that for large problems the TSVD in Step 1 should be
carried out by using Lanczos method [159, 160] or a random method [70]. For the linear least
squares problem in Step 2 they recommend the Richardson iteration or Conjugate Gradients.
Assume for a moment that Ψi = ui vTi for i = 1, . . . , 3k, and let U ∈ Rm×3k and V ∈ Rn×3k be
a pair of matrices whose ith rows equal uTi and vTi , respectively. Then Yℓ has the form Yℓ =
U DV T for some diagonal matrix, D, whose diagonal entries solve the related least squares
problem. Then, after computing QR factorizations of U and V , the task of computing an SVD
of Yℓ is reduced to that of computing an SVD of a (3k) × (3k) matrix.

9.3

Uniqueness and exact recovery

A further consequence of the relation with least squares solutions regards the possibility to
have a unique minimum rank solution. The importance of the uniqueness property is revealed
in Theorem 6, in the context of "exact recovery".
Corollary 5 (Uniqueness of minimum-rank solutions). Let k ∗ be de ined as in Theorem 4, and
consider the least squares problem (1.1) with k = k ∗ . Then any solution of this problem solves
(9.1), and vice versa. Consequently (9.1) has a unique solution if and only if the related least
squares problem has a unique solution.
Assume for a moment that A is obtained from a full matrix, Â, by considering some entries
of Â as unknown or missing. In such cases it is common to say that the known entries of A are
"sampled" from those of Â. If the computed solution of (9.1) satis ies B ∗ = Â then we say that
we have "exact matrix completion", or "exact recovery". Now we characterize this possibility.
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Theorem 6 (Exact recovery). Assume that the rank minimization problem (9.1) has a unique
solution, B ∗ , and that
rank(B ∗ ) = rank(Â).
(9.4)
In this case we have exact recovery. That is,
B ∗ = Â.

(9.5)

Furthermore, both the uniqueness condition and the rank condition are necessary to ensure exact
recovery.
Proof. Since Â is admissible, the rank condition (9.4) implies that Â solves (9.1), while the
uniqueness forces B ∗ to equal Â. If the solution of (9.1) is not unique, we can ind a solution
that differs from Â. To show that the rank condition (9.4) is necessary we bring the following
example. Let the data matrix Â = (aij ) satisfy a11 = a22 = 1 and aij = 0 otherwise. Let A
be obtained from Â by considering a11 as unknown. In this case (9.1) has a unique solution
B ∗ = (bij ), where b11 = 0, b22 = 1, and bij = 0 otherwise. That is, Â is a rank-2 matrix, B ∗ is a
rank-one matrix, and B ∗ ̸= Â.
Theorem 6 shows the potential advantage in using the rank minimization approach. At
the same time it exposes a weakness of this approach: If the required conditions fail to hold
then we might get a "low quality" solution. (The question of how to assess the quality of a
computed solution is discussed in Part III.) In particular, as explained in Section 20, if the
solution of (9.1) is not unique, then it might be possible to get a better solution by solving the
least squares problem (1.1) with a smaller matrix rank.
These considerations turn our attention to the question of which properties of A are likely
to ensure a unique minimum rank solution. From Corollary 5 we know that this question is related to non-uniqueness of least squares solutions. Thus a partial answer is given in Theorem
2. Assume that we have a "defective" row or column in which the number of known entries
is smaller than k ∗ . In this case the rank minimization problem (9.1) has in initely many solutions.
Another factor that helps to answer the uniqueness question is φ, the number of degrees
of freedom that we have in SVD presentation of B ∗ ,
∗

∗

B =

k
∑

σj uj vTj ,

j=1

where k ∗ = rank(B ∗ ). On one hand we are free to choose the k ∗ (m + n + 1) entries of the
triplets (uj , vj , σj ), j = 1, · · · , k ∗ . On the other hand the singular vectors are forced to be
mutually orthogonal and to have unit length. These relations introduce k ∗ (k ∗ + 1) constraints,
so the overall number of degrees of freedom is
φ = k ∗ (m + n − k ∗ ),

(9.6)
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As before, ν denotes the overall number of known entries in A. If ν is smaller than φ there are
less equations than degrees of freedom, and (9.1) is likely to have many solutions. Conversely,
as ν exceeds φ there are more equations than degrees of freedom, and there are better chances
of having a unique solution.
However, a large ratio ν/φ is not suf icient to avoid a "defective" row or column. A second
helpful assumption is, therefore, that the known entries of A are sampled uniformly at random
from Â. This type of sampling is likely to ensure that the known entries spread evenly among
the rows and the columns of A. Then, as the ratio ν/m becomes considerably greater than k ∗
there is small probability to have a "defective" row or column.
The example in the proof of Theorem 6 demonstrates that exact recovery is not guaranteed
when the singular vectors of Â are constructed from rows and columns of identity matrices.
Similar dif iculties are expected when Â has "spiky" singular vectors. That is, the "mass" of
the vector is concentrated in a small number of entries. One way to avoid this possibility is
by forcing the singular vectors of Â to be spread out across all coordinates. This property of
the singular vectors is called "low coherence" or "incoherence", e.g., [37, 38, 39, 85, 190, 224].
In the next section we shall see that the three properties mentioned above (ν/φ suf iciently
large, randomly sampled entries, and low coherence) are likely to ensure exact recovery when
solving nuclear norm problems.

10

Nuclear norm minimization

In this approach one achieves imputing by solving the minimum norm problem
minimize ∥X∥∗
subject to X ∈ A,

(10.1)

where ∥X∥∗ denotes the nuclear norm of the matrix X, which is the sum of its singular values.
In Linear Algebra literature this norm is called Ky Fan norm or Schatten 1-norm, e.g., [58].
As with rank-minimization, the method is aimed at solving imputing problems in which the
original data matrix, Â, is assumed to be a low-rank matrix.
The idea of replacing (9.1) with (10.1) comes from the ield of Compressed Sensing, e.g.,
[37, 38, 69, 180, 261]. In this area we wish to compute the sparsest solution to highly underdetermined linear system of equations, Y x = b, where x = (x1 , . . . , xn )T ∈ Rn , Y ∈ Rℓ×n ,
ℓ < n, and b ∈ Rℓ . The fact that the system to solve is highly underdetermined means that
ℓ is much smaller than n. To get a sparse solution we solve the "cardinality minimization
problem"
minimize card(x),
subject to Y x = b,

(10.2)

where card(x) denotes the number of nonzero components in the vector x. Natarajan [200]
has proved that the last problem is NP-hard. To get a simpler problem one replaces (10.2)
154

Achiya Dax / Journal of Advanced Computing
(2014) Vol. 3 No. 3 pp. 98-222

with the so-called "basis pursuit problem"
minimize ∥x∥1
subject to Y x = b,

(10.3)

where ∥x∥1 = |x1 | + · · · + |xn | denotes the ℓ1 vector norm. The last problem is a standard
convex optimization problem for which there exists effective solution methods, such as Linear
Programming or IRLS.
A second motivation for replacing (10.2) by (10.3) comes from the following observation.
Let ∥x∥∞ = max |xj | denote the ℓ∞ norm of x, and let
j=1,...,n

B∞ = {x ∈ Rn ∥x∥∞ ≤ 1}
denote the corresponding unit norm ball. Then the function ∥x∥1 is the convex envelope of
card(x) on B∞ . That is, ∥x∥1 is the largest convex function, g(x), that satis ies g(x) ≤ card(x)
for all x ∈ B∞ , e.g., [81, 82, 180, 225].
However, in general the existence of sparse solutions for (10.2) does not force sparse solutions for (10.3). Consider for example the solution of a linear system which consists of one
equation,
x1 + x2 + · · · + xn = 1.
In this example optimal solutions of (10.2) have cardinality 1, but (10.3) has many solutions
with cardinality n. In contrast, when solving the equation
x1 + (1/2)x2 + (1/3)x3 + · · · + (1/n)xn = 1
the ℓ1 solution is a sparse solution of cardinality 1. These examples raise the question of which
properties of the basis pursuit problem impose sparse solutions. Below we derive a simple
condition of this type.
Assume that the basis pursuit problem (10.3) has a unique solution, x∗ ∈ Rn . Then, as we
now show,
card (x∗ ) ≤ ℓ + 1.
Therefore, when ℓ is much smaller than n, the solution is a sparse vector. The proof is based on
the following argument. De ine k to be the cardinality of x∗ . Then there is no loss of generality
in assuming that the irst k coordinates of x∗ differ from zero, and the last n − k coordinates
of x∗ equal zero. Let the matrix Z ∈ Rℓ×k be obtained from the irst k columns of Y , and let
the vector z = (z1 , . . . , zk )T ∈ Rk be de ined by the rule
zj = sign(x∗j ) for j = 1, . . . , k.
If the linear system
Zu = 0 and zT u = 0

155

Achiya Dax / Journal of Advanced Computing
(2014) Vol. 3 No. 3 pp. 98-222

has a nontrivial solution, u∗ ̸= 0, then we can ind a small positive constant, θ, for which
x∗ + θu∗ is another solution of (10.3). But this contradicts our uniqueness assumption. Consequently the columns of the related (ℓ + 1) by k matrix must be linearly independent, and k
can't exceed ℓ + 1.
The ability of ℓ1 solutions to recover sparse solutions has been noticed in certain kinds of
highly underdetermined linear systems that arise in geophysics and signal processing. This
phenomenon has motivated several papers that attempt to provide mathematical explanations. Recent results suggest that the answer is related to matrix properties such as "incoherence" and "restricted isometry". See [38, 69, 130, 225] and the references therein.
The matrix completion problem can be formulated as underdetermined linear system of
the form Y x = b, where Y ∈ Rν×mn and b ∈ Rν . The rows of Y are sampled from the rows of
the mn×mn identity matrix, and b consists of the known entries of A. If the number of known
entries, ν, is much smaller than mn, then the system to solve is highly underdetermined. This
suggests the use of similar strategies.
Let us return now to consider the nuclear norm problem (10.1). The reasons for replacing
(9.1) by (10.1) are similar. First, a number of useful methods for solving the nuclear norm
problem have been proposed recently. (See below.) Second, let ∥X∥2 = max σj denote the
j=1,...,n

spectral norm of X, and let B2 = {X ∈ R
∥X∥2 ≤ 1} denote the corresponding unit norm
ball. Then the convex envelope of rank(X) on B2 is the nuclear norm function ∥X∥∗ , e.g., [81,
82, 180, 225]. In other words, the nuclear norm function is the largest convex underestimator
of the rank function over the unit ball B2 . Third, it is hoped that a small value of ∥X∥∗ will force
a "sparse" vector of singular values (σ1 , σ2 , . . . , σn )T ∈ Rn , which means a low-rank matrix.
However, it should be noted that a solution of (10.1) is not necessarily close to solution of
(9.1). Consider for example a 2 × 2 matrix, A = (aij ), with a12 = a21 = 4, a22 = 1, and a11
unknown. In this example (9.1) is solved by a rank-one matrix, (10.1) is solved by a rank-two
matrix, and the two solutions differ substantially.
A further motivation for solving (10.1) comes from the observation that exact recovery is
expected under certain conditions. As before, the matrix Â ∈ Rm×n , m ≥ n, denotes the
original data matrix from which the known entries of A are sampled. It is assumed here that
Â is a low-rank matrix with SVD of the form
m×n

Â =

r
∑

σj uj vTj ,

(10.4)

j=1

where r = rank(Â). A typical exact recovery assertion assumes that Â and A satisfy the following three conditions.
Condition 1: The known entries of A have locations sampled uniformly at random.
Condition 2: The singular vectors of Â satisfy certain "low-coherence" requirements.
Condition 3: The number of known entries, ν, is not "too small":
ν ≥ Cm5/4 r log n,

(10.5)
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where C is a positive constant.
This type of requirements was introduced by Candè s and Recht [38] who proved that under
these conditions the nuclear norm problem (10.1) has a unique solution which equals Â with
probability at least 1 − c/m3 , where c is another positive constant.
It is tempting to conjecture that these conditions also imply a unique solution of (9.1),
and that both problems share the same solution. This question and other related issues are
discussed in [37, 38, 39, 190, 224, 227].

10.1

Equivalent formulations

In order to solve (10.1) we need to transform this problem into a "solvable" form that can be
handled by ef icient optimization techniques. Below we present three possible ways to derive
alternative formulations. We shall start with two characterizations of the nuclear norm which
are based on matrix factorizations. Then we turn to investigate the dual problem of (10.1).
Another alternative is to formulate (10.1) as a semide inite programming problem.
10.1.1

Matrix factorization

The irst assertion gives the key argument behind the coming equivalence relations.
Lemma 7. Let D = diag{d1 , . . . , dr } ∈ Rr×r be a diagonal matrix with positive diagonal entries,
1/2
di > 0, i = 1, . . . , r. Let di > 0 denote the positive square root of di , i = 1, . . . , r, and let
1/2
1/2
D1/2 = diag{d1 , . . . , dr } ∈ Rr×r denote the positive root of D. Let k be a given positive
integer that satis ies k ≥ r and consider the least norm problem
1
Φ(X, Y ) = (∥X∥2F + ∥Y ∥2F )
2
subject to X ∈ Rr×k , Y ∈ Rr×k and XY T = D.

minimize

(10.6)

Let Q̂ ∈ Rr×k be any matrix with orthonormal rows. That is Q̂Q̂T = I ∈ Rr×r . Then the matrices
X̂ = D 1/2 Q̂ and Ŷ = D 1/2 Q̂ solve (10.6), giving the optimal value of
2
1/2(∥X̂∥F

+ ∥Ŷ

∥2F )

=

r
∑

di = ∥D∥∗ .

(10.7)

i=1

Conversely, let X̃ ∈ Rr×k and Ỹ ∈ Rr×k be a pair of matrices that solve (10.6). Then X̃ = Ỹ and
there exists an r × k matrix, Q̃, that has orthonormal rows and satis ies X̃ = Ỹ = D 1/2 Q̃.
Proof. Let X ∈ Rr×k and Y ∈ Rr×k be a pair of matrices that satisfy XY T = D. Let xi and
yi denote the ith rows of X and Y , respectively, i = 1, . . . , r. Then, clearly, di = xTi yi for
i = 1, . . . , r. Using the Cauchy-Schwartz inequality we see that
di = |xTi yi | ≤ ∥xi ∥2 ∥yi ∥2 .
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Note also that the inequality 0 ≤ (∥xi ∥ − ∥yi ∥)2 implies
∥xi ∥2 ∥yi ∥ ≤ (∥xi ∥22 + ∥yi ∥22 )/2.
Combining these relations gives
di = |xTi yi | ≤ ∥xi ∥2 ∥yi ∥2 ≤ (∥xi ∥22 + ∥yi ∥22 )/2,
and

r
∑

i = 1, . . . , r

r
∑
di ≤
(∥xi ∥22 + ∥yi ∥22 )/2 = (∥X∥2F + ∥Y ∥2F )/2.

i=1

i=1

That is, the optimal value of (10.6) is bounded from below by

r
∑

di . This proves that the ma-

i=1

trices X̂ = D 1/2 Q̂ and Ŷ = D 1/2 Q̂ solve (10.6).
Conversely, let the matrices X and Y solve (10.6). In this case the above inequalities are
satis ied as equalities, forcing the equality X = Y . Now the equality XX T = D implies
that the rows of X are mutually orthogonal, so X = D 1/2 Q̃ for some r × k matrix, Q̃, with
orthonormal rows.
Theorem 8. Let B ∈ Rm×n be a given rank-r matrix with short SVD of the form
B = Ur DVrT ,

(10.8)

where
D = diag{d1 , . . . , dr } ∈ Rr×r
is a diagonal matrix,
d1 ≥ d2 ≥ · · · ≥ dr > 0,
and the matrices Ur ∈ Rm×r and Vr ∈ Rn×r have orthonormal columns. That is,
UrT Ur = VrT Vr = I ∈ Rr×r .
Let k be a given integer that satis ies k ≥ r and consider the problem
2
1/2(∥X∥F

+ ∥Y ∥2F )

minimize

Ψ(X, Y ) =

subject to

X ∈ Rm×k , Y ∈ Rn×k , and XY T = B.

(10.9)

Let Q̂ be any r × k matrix with orthonormal rows. Then the matrices
X̂ = Ur D 1/2 Q̂ and Ŷ = Vr D 1/2 Q̂
solve (10.9), giving the optimal value
2
1/2(∥X̂∥F

+ ∥Ŷ

∥2F )

=

r
∑

di = ∥B∥∗ .

(10.10)

i=1

Conversely, let X̃ ∈ Rm×k and Ỹ ∈ Rn×k be a pair of matrices that solve (10.9). Then there exists
an r × k matrix, Q̃, with orthonormal rows, such that
X̃ = Ur D 1/2 Q̃ and Ỹ = Vr D 1/2 Q̃.

(10.11)
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Proof. Let us extend the short SVD of B into a full SVD of the form
B = Um D̂VnT

(10.12)

where
D̂ = diag{d1 , . . . , dr , 0, . . . , 0} ∈ Rm×n ,
T
Um ∈ Rm×m , Um
Um = I ∈ Rm×m , Vn ∈ Rn×n ,

and VnT Vn = I ∈ Rn×n .

The irst r columns of Um are those of Ur , and the irst r columns of Vn are those of Vr . Now
T
let us rewrite problem (10.9) with the matrices W = Um
X and Z = VnT Y instead of X and Y ,
respectively. This shows that (10.9) is equivalent to the problem
minimize

Φ̂(W, Z) =

2
1/2(∥W ∥F

+ ∥Z∥2F )

subject to W ∈ Rm×k , Z ∈ Rn×k ,

and W Z T = D̂.

(10.13)

That is, both problems share the same optimal value, and a solution to one problem provides
a solution to the other problem. Furthermore, let W ∈ Rm×k and Z ∈ Rn×k be a pair of
matrices that solve (10.13). Then the last m − r rows of W have zero entries. Similarly, the
last n − r rows of Z have zero entries. This shows that (10.13) is equivalent to (10.6), so the
proof follows directly from Lemma 7.
Corollary 9. Let the matrices X̃ ∈ Rm×k and Ỹ ∈ Rn×k solve (10.9). Then this pair of matrices
also solves the problem
minimize

Π(X, Y ) = ∥X∥F ∥Y ∥F

subject to X ∈ Rm×k , Y ∈ Rn×k ,

and XY T = B.

(10.14)

giving the optimal value of
∥X̃∥F ∥Ỹ ∥F = ∥B∥∗ .

(10.15)

Conversely, let the matrices X̂ and Ŷ solve (10.14). Then this pair of matrices solves (10.9).
Proof. Let the matrices X ∈ Rm×k and Y ∈ Rn×k satisfy XY T = B. Then there is no loss of
generality in assuming ∥X∥F = ∥Y ∥F , while the last equality implies
∥X∥F ∥Y ∥F = ∥X∥2F = ∥Y ∥2F =

2
1/2(∥X∥F

+ ∥Y ∥2F ).

Corollary 10. Given a matrix B ∈ Rm×n and a pair of matrices X ∈ Rm×k and Y ∈ Rn×k such
that B = XY T . Then
∥B∥∗ ≤ 1/2(∥X∥2F + ∥Y ∥2F ),
and
∥B∥∗ ≤ ∥X∥F ∥Y ∥F .
Furthermore, equality holds in these inequalities if and only if X and Y have the form (10.11).
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The observation that the optimal value of (10.9) equals ∥B∥∗ is not new. Some authors
use this property to de ine the nuclear norm of a matrix, e.g., [229, 249, 250, 251]. Yet, so far,
we have not found in the literature a formal proof of this fundamental observation. The next
theorem extends the results to matrices with missing entries.
Theorem 11. Let the matrix B ∗ ∈ A solve the nuclear norm problem (10.1), and let k be a given
integer such that k ≥ rank(B ∗ ). Then (10.1) is equivalent to the problem
minimize

Ψ(X, Y ) =

+ ∥Y ∥2F )

2
1/2(∥X∥F

subject to X ∈ Rm×k , Y ∈ Rn×k ,

and XY T ∈ A.

(10.16)

That is, both problems share the same optimal value, and a solution to one problem provides a
solution to the other problem.
Proof. Let the matrices X ∗ ∈ Rm×k and Y ∗ ∈ Rn×k solve the problem
minimize

Ψ(X, Y ) =

2
1/2(∥X∥F

+ ∥Y ∥2F )

subject to X ∈ Rm×k , Y ∈ Rn×k and XY T = B ∗ .
Then
1/2(∥X

∗ 2
∥F

+ ∥Y ∗ ∥2F ) = ∥B ∗ ∥∗ .

Similarly, let X̂ ∈ Rm×k and Ŷ ∈ Rn×k solve (10.16) and de ine B̂ = X̂ Ŷ T . Then B̂ ∈ A and
2
1/2(∥X̂∥F

+ ∥Ŷ ∥2F ) = ∥B̂∥∗ .

Now, since B ∗ solves (10.1), ∥B ∗ ∥∗ ≤ ∥B̂∥∗ . On the other hand, since X̂ and Ŷ solve (10.16),
∥B̂∥∗ =

2
1/2(∥X̂∥F

+ ∥Ŷ ∥2F ≤

1/2(∥X

∗ 2
∥F

+ ∥Y ∗ ∥2F ) = ∥B ∗ ∥∗ .

So the two inequalities forces the equalities
2
1/2(∥X̂∥F

10.1.2

+ ∥Ŷ ∥2F ) = ∥B̂∥∗ = ∥B ∗ ∥∗ =

1/2(∥X

∗ 2
∥F

+ ∥Y ∗ ∥2F ).

Duality relations

Let us turn now to investigate the dual form of (10.1). For this purpose we introduce some
further notations. Let G = (gij ) and H = (hij ) be two matrices in Rm×n . Then the inner
product between these matrices is de ined as
⟨G, H⟩ =

m ∑
n
∑

gij hij .

i=1 j=1
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Note that
⟨G, H⟩ = ⟨H, G⟩ = trace(GT H) = trace(H T G),
and ∥G∥F = (⟨G, G⟩) 1/2 is the induced matrix norm. Let Eij ∈ Rm×n denote a matrix whose
(i, j) entry equals 1 and all the other entries equal zero. Then the set Eij , i = 1, . . . , m, j =
1, . . . , n, form an orthonormal basis for Rm×n . Let
N = Span {Eij |(i, j) ∈ Ω}
denote the subspace of Rm×n which is spanned by matrices Eij which correspond to known
entries of A. Similarly, let
U = Span {Eij |(i, j) ∈
/ Ω}
denote the subspace of Rm×n which is spanned by matrices Eij which correspond to missing
entries of A. Then, clearly, U is an orthogonal complement of N in Rm×n , and vice versa. Let
the matrix operator PΩ be de ined as in problem (1.2). Then PΩ is an orthogonal projection
from Rm×n to N. Similarly, the matrix operator QΩ denotes orthogonal projection from Rm×n
to U. Here the equality G = QΩ (H) implies gij = 0 when (i, j) ∈ Ω, and gij = hij when
(i, j) ∈
/ Ω. Recall also that G = PΩ (A) implies that gij = aij when (i, j) ∈ Ω, and gij = 0 when
(i, j) ∈
/ Ω. Similarly, QΩ (A) is de ined to be the null matrix.
With these notations at hand the set of admissible matrices can be expressed in the form
A = {PΩ (A) − H|H ∈ U},
which means that A is a linear variety in Rm×n . This presentation enables us to rewrite the
nuclear norm problem (10.1) in the form
minimize Π(H) = ∥PΩ (A) − H∥∗
subject to H ∈ U.

(10.17)

That is, we seek a matrix H in a subspace U which is "closest" to PΩ (A), regarding the nuclear
norm.
The dual problem of (10.17) is speci ied by the Nirenberg-Luenberger Minimum Norm
Duality (MND) theorem, e.g., [54, 179, 206]. Let ∥ · ∥ denote some (arbitrary) matrix norm on
Rm×n and let ∥ · ∥′ denote the corresponding dual norm. Recall that the dual norm is de ined
by the rule
∥G∥′ = sup{⟨G, H⟩ | ∥H∥ ≤ 1}.
Let U be a subspace of Rm×n and let U⊥ denote the orthogonal complement of U in Rm×n .
Given a matrix Z ∈ Rm×n the MND theorem says that the dual of the primal problem
minimize Π(H) = ∥Z − H∥
subject to H ∈ U

161

Achiya Dax / Journal of Advanced Computing
(2014) Vol. 3 No. 3 pp. 98-222

has the form
∆(G) = ⟨Z, G⟩

maximize

subject to G ∈ U⊥ and ∥G∥′ ≤ 1,
and that both problems share the same optimal value.
In our case, when searching the dual of (10.17), U⊥ = N, Z = PΩ (A), and the dual norm is
speci ied by the rule
∥G∥′∗ = sup{⟨G, H⟩ ∥H∥∗ ≤ 1}.
Let σ1 (G) ≥ σ2 (G) ≥ · · · ≥ σn (G) and σ1 (H) ≥ σ2 (H) ≥ · · · ≥ σn (H) denote the singular
values of G and H, respectively. Then, as we are about to show, ∥G∥′∗ = σ1 (G). From Von
Neumann's trace inequality we know that
|Trace G H| ≤
T

n
∑

σj (G)σj (H).

j=1

The last inequality implies
⟨G, H⟩ ≤ σ1 (G)

n
∑

σj (H) = σ1 (G)∥H∥∗

j=1

and
sup{⟨G, H⟩ ∥H∥∗ ≤ 1} ≤ σ1 (G).
Now let u ∈ Rm and v ∈ Rn be a pair of dominant singular vectors of G such that Gv =
σ1 (G)u, GT u = σ1 (G)v, and uT u = vT v = 1. Then the rank-one matrix uvT satis ies
⟨G, uvT ⟩ = trace(GT uvT ) = trace(σ1 (G)vvT ) = σ1 (G).
In other words, the dual norm of the nuclear norm is the "spectral norm" ∥G∥2 = σ1 (G).
Summarizing our results we conclude that the dual problem of the nuclear norm problem
(10.17) has the form
maximize ∆(G) = ⟨PΩ (A), G⟩
subject to G ∈ N and σ1 (G) ≤ 1.

(10.18)

Note that the dual variables correspond to known entries of A. This can be an advantage in
cases when the number of known entries is considerably smaller than the number of missing
entries. However, to turn the dual approach into a useful tool we need to resolve two issues.
First to have an effective algorithm for solving (10.18). Second, to ind a rule for retrieving
a primal solution from a dual one. Below we will show that both (10.1) and its dual can be
formulated as SDP problems.
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10.1.3

Semide inite Programming (SDP)

The term Semide inite Programming (SDP) refers to optimization problems in which some of
the unknowns are matrices that are forced to be symmetric and positive semide inite. The last
constraint is summarized by the notation S ≥ 0, which means that S is a symmetric positive
semide inite matrix. In this approach (10.1) is replaced with the following SDP problem.
minimize

τ (B, R, S) =

1/2(trace(R)

subject to B ∈ A, R = R ∈ R
T

[

and

m×m

+ trace(S))

, S = S T ∈ Rn×n ,

(10.19)

]
R B
≥ 0.
BT S

Observe that the restriction B ∈ A can be replaced with the linear constraints
⟨Eij , B⟩ = aij ∀(i, j) ∈ Ω.
The next theorem shows that (10.1) and (10.19) are equivalent in the following sense. Both
problems share the same optimal value, and a solution to one problem provides a solution to
the other problem.
Theorem 12. Let B ∗ solve (10.1). De ine r = rank(B ∗ ) and let B ∗ = Ur DVrT be a short SVD of
B ∗ , as in (10.8). Then the matrices B ∗ ,
R∗ = Ur DUrT ,

and S ∗ = Vr DVrT

(10.20)

solve (10.19). Conversely, let the matrices B̂, R̂, and Ŝ solve (10.19). Then B̂ solves (10.1), and
trace(R̂) = trace(Ŝ) = ∥B̂∥∗ = ∥B ∗ ∥∗ .

(10.21)

Proof. Let the matrices
B,]R, and S satisfy the constraints of (10.19), and let k denote the
[
R B
rank of the matrix
. Then, since the last matrix is psd, there exists a pair of matrices,
BT S
X ∈ Rm×k and Y ∈ Rn×k , such that
( )
[
]
X
R B
T
T
(X , Y ) =
.
(10.22)
Y
BT S
The last equality means that
R = XX T and S = Y Y T ,

(10.23)

trace(R) = ∥X∥2F and trace(S) = ∥Y ∥2F .

(10.24)

B = XY T ∈ A,

(10.25)

so
Furthermore, since
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Theorem 11 implies that
∥B ∗ ∥∗ ≤

2
1/2(∥X∥F

+ ∥Y ∥2F ) =

1/2(trace(R)

+ trace(S)).

(10.26)

This proves the irst claim, as the matrices
X ∗ = Ur D 1/2 and Y ∗ = Vr D 1/2
satisfy

and

[ ∗
]
( ∗)
R
B∗
X
∗T
∗T
(X , Y ) =
T
Y∗
B∗ S∗
∥B ∗ ∥∗ =

1/2(trace(R

∗

) + trace(S ∗ )).

Conversely, let B, R, and S solve (10.19). Then, as we have seen, there exist matrices X ∈
Rm×k and Y ∈ Rn×k for which (10.22)--(10.26) hold. But now (10.26) is satis ied as equality.
Therefore, since the optimal value of (10.16) equals ∥B ∗ ∥∗ , X and Y solve (10.16). Hence the
matrix B = XY T solves (10.1) and
trace(R) = ∥X∥2F = ∥B ∗ ∥∗ = ∥Y ∥2F = trace(S).

Let us consider for a moment the case when A has no missing entries. Here B = A is a
given matrix, and Theorem 12 yields the following results.
Corollary 13. Let B ∈ Rm×n be a given matrix. Let the symmetric matrices R̂ ∈ Rm×m and
Ŝ ∈ Rn×n solve the SDP problem
minimize

ρ(R, S) = trace(R) + trace(S)

subject to R = RT ∈ Rm×m , S = S T ∈ Rn×n
[
]
R B
and
≥ 0.
BT S

(10.27)

Then
trace(R̂) = trace(Ŝ) = ∥B∥∗ .
Corollary 14. Given a matrix B ∈ Rm×n and a real number β, the inequality
∥B∥∗ ≤ β

(10.28)

holds if and only if there exist symmetric matrices R ∈ Rm×m and S ∈ Rn×n , that satisfy
[
]
R B
≥ 0 and trace(R) + trace(S) ≤ 2β.
(10.29)
BT S
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Remark: The derivation of the above results can be done in reverse order. That is, Corollary 13 is established from Corollary 14, Theorem 12 is derived from Corollary 13, Theorem
11 from Theorem 12, and so forth. However, a direct proof of Corollary 14 is quite complicated and requires the use of Fejer's theorem (a corollary of Schur Product theorem) as well
as Von Neumman's Trace theorem. See [81, 82, 271] for details. In contrast, our method of
proof starts with a simple intuitive proof of Lemma 7, from which the other results are easily
concluded.
To formulate the dual problem (10.18) as SDP problem we use the following observations.
Let B ∈ Rm×n be a given matrix of rank r, and let
σ1 (B) ≥ σ2 (B) ≥ · · · ≥ σr (B) > 0
denote [the nonzero
singular values of B in decreasing order. Then the (m + n) × (m + n)
]
0 B
matrix
has 2r eigenvalues of the form ±σj (B), j = 1, . . . , r, and the rest m + n − 2r
BT 0
eigenvalues
are zeros, e.g., Bjorck [23, p. 12]. Consequently σ1 (B) ≤ 1 if and only if the matrix
[ I B]
is positive semide inite. This enables us to write (10.18) as the SDP problem
BT I
maximize ⟨PΩ (A), G⟩
subject to G ∈ N and

[

]
I G
≥ 0.
GT I

As in (10.18), the restriction G ∈ N means that the dual variables correspond to known entries
of A. Yet the question of how to retrieve a primal solution from a dual one remains open.
The experiments reported in [38] and [225] demonstrate the ability of the SDP formulation
to solve nuclear norm problems. However, this formulation introduces 1/2(m(m+1)+n(n+1))
new variables, the entries of R and S. So the overall number of variables in (10.19) is
mn +

1/2(m

2

+ m + n2 + n) =

1/2(m

+ n)(m + n + 1).

This fact exposes a certain weakness of the SDP approach. Recall that one motivation for solving (10.1) comes from the Net lix problem, in which m + n is about 498, 000. On the other
hand, current SDP solvers are unable to solve (10.19) when m + n exceeds a few hundreds,
e.g., [35, 85, 176, 188, 261]. This limitation has motivated new types of methods, which are
aimed at solving larger nuclear norm problems. This goal is achieved by taking advantage
of two features that characterize the Net lix problem. First, the small percentage of known
entries. Second, the assumption that these entries are sampled from a low-rank matrix.

10.2

The singular value shrinkage operator

The basic tool that enables the coming methods is called "the singular value shrinkage operator" or, brie ly, "the shrinkage operator". Let Y ∈ Rm×n be a given matrix with SVD of the
form
n
∑
Y =
σj uj vTj ,
(10.30)
j=1
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and let λ > 0 be a given real positive number. Then the shrinkage operator, Sλ , is de ined as
follows:
n
∑
Sλ (Y ) =
(σj − λ)+ uj vTj .
(10.31)
j=1

Recall that θ+ = max{0, θ} for any real number θ. So the last sum contains only terms with
σj > λ, while terms with σj ≤ λ are vanished. The rank of Sλ (Y ) equals, therefore, the number
of singular values which are greater than λ. The usefulness of the shrinkage operator comes
from the observation that Sλ (Y ) solves the problem
minimize
φ(X) =
m×n
X∈R

1/2∥X

− Y ∥2F + λ∥X∥∗ .

(10.32)

The proof of this feature is based on the following two lemmas.
( )
Lemma 15. Let Y = yij ∈ Rm×n have the SVD (10.30). Then the diagonal entries of Y satisfy
n
∑

|yjj | ≤

j=1

n
∑

σj .

j=1

Proof. Let uij and vij denote the (i, j) entries of the matrices
U = [u1 , . . . , un ] ∈ Rm×n and V = [v1 , . . . , vn ] ∈ Rn×n ,
respectively. Then U T U = V T V = I ∈ Rn , and (10.30) implies the equalities
yii =

n
∑

σj uij vij ,

i = 1, . . . , n.

j=1

Summing these equalities gives
n
∑
i=1

|yii | ≤

n ∑
n
∑
i=1 j=1

σj |uij ||vij | =

n
∑
j=1

n
n
∑
∑
σj (
|uij ||vij |) ≤
σj ,
i=1

j=1

where the last inequality follows from the Cauchy-Schwarz inequality and the fact that U and
V have orthonormal columns.
Lemma 16. Let D = diag{σ1 , . . . , σn } ∈ Rm×n be a given diagonal matrix with nonnegative entries, and let λ > 0 be a given positive constant. Let the diagonal matrix Dλ = diag{d1 (λ), . . . , dn (λ)} ∈
Rm×n be obtained from D by the rule
dj (λ) = (σj − λ)+ ,

j = 1, . . . , n.

That is, Dλ = Sλ (D). Then Dλ is the unique solution of the problem
minimize
subject to

Ψ(B) = 1/2∥B − D∥2F + λ∥B∥∗
B ∈ Rm×n .

(10.33)
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Proof. Let B = (bij ) be an arbitrary matrix from Rm×n . Let the diagonal matrix B̃ ∈ Rm×n
share the same diagonal entries as B. That is, B̃ = diag{b11 , . . . , bnn }. Then the former lemma
implies
∥B̃∥∗ ≤ ∥B∥∗ .
Also, since D is a diagonal matrix,
∥B̃ − D∥2F ≤ ∥B − D∥2F .
Combining the two inequalities gives
1/2∥B̃

− D∥2F + λ∥B̃∥∗ ≤

1/2∥B

− D∥2F + λ∥B∥∗ ,

where equality holds if and only if B = B̃. This forces the solution of (10.33) to be a diagonal
matrix. The jth diagonal entry of the solution matrix is equal, therefore, to dj (λ), the unique
solution of the problem.
minimize ψj (θ) =

1/2(θ

− σj )2 + λ|θ|.

Theorem 17. The matrix Sλ (Y ) solves (10.32).
Proof. Let U ∈ Rm×n and V ∈ Rn×n be obtained from the SVD of Y , as in Lemma 15. Then Y
has a "long" SVD of the form Y = Û DV T , where D = diag{σ1 , . . . , σn } ∈ Rm×n , and Û ∈ Rm×m
is obtained by extending the columns of U to be an orthonormal basis of Rm×m . Then, since
both ∥ · ∥F and ∥ · ∥∗ are unitarily invariant norms, the matrix B = Û T XV satis ies
φ(X) = φ(Û T XV ) = Ψ(B) =

1/2∥B

− D∥2F + λ∥B∥∗ .

So the proof follows from Lemma 16.
The above proof of Theorem 17 differs from the proofs given in [35] and [180]. The former
proofs establish that Sλ (Y ) is a minimizer of φ(X) by showing that the null matrix O ∈ Rm×n
belongs to the subdifferential of φ(X) at the point Sλ (Y ). The next property of Sλ is used in
Lagrange Multipliers methods.
Corollary 18. Let Y ∈ Rm×n and Z ∈ Rm×n be two given matrices. Then the matrix Sλ (Y + Z)
solves the problem
minimize
φ̂(X) = λ∥X∥∗ − ⟨Y, X⟩ +
m×n
X∈R

1/2∥X

− Z∥2F .

Proof. The difference between φ̂(X) and the function
φ̃(X) = λ∥X∥∗ +

1/2∥X

− (Y + Z)∥2F

is only a constant.
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10.3

The Singular Value Thresholding (SVT) algorithm

This iterative algorithm is proposed in Cai et al. [35]. It is aimed at solving the problem
minimize
subject to

2
1/2∥X∥F

+ λ∥X∥∗

X ∈ A,

(10.34)

where λ > 0 is a preassigned "threshold" value. The motivation comes from the observation that for large values of λ the solution of (10.34) approaches a solution of (10.1). The ℓth
iteration, ℓ = 1, 2, . . . , starts with the matrices Xℓ−1 and Yℓ−1 , and ends with Xℓ and Yℓ .
The SVT algorithm
First compute
Xℓ = Sλ (Yℓ−1 ),

(10.35)

Yℓ = Yℓ−1 + δℓ PΩ (A − Xℓ ),

(10.36)

then
where 0 < δℓ < 2 is a positive step-size. The starting matrix, Y0 , is always the null matrix of
Rm×n .
As noted in [35], the proposed iteration can be interpreted as a Lagrange multipliers method,
known as the Uzawa's algorithm. It is shown there that the sequence {Xℓ } converges toward
the unique solution of (10.34), provided that the sequence of step-sizes satis ies
0 < inf δℓ ≤ sup δℓ < 2.
ℓ

(10.37)

ℓ

An empirical observation made in [35] is that the matrices in the sequence {Xℓ } have lowrank. This is, perhaps, due to the use of a large λ, to ensure that the computed solution of
(10.34) approaches that of (10.1). Another useful property of the SVT algorithm is related
to sparsity. Choosing Y0 to be the null matrix ensures that all the coming matrices, Yℓ , ℓ =
1, 2, . . . , have the same sparsity pattern as PΩ (A). Thus, the number of nonzero entries in Yℓ
equals the number of known entries in A. The main computational effort is the computation
of Sλ (Yℓ−1 ) in (10.35). This suggests the use of methods which are able to take advantage
of sparsity. The experiments in [35] use the "PROPACK" software package [159, 160], which
carries out Lanczos bidiagonalization of a large sparse matrix.
The experience gained with the SVT algorithm reveals slow rate of convergence. See, for
example, [35, 42, 176, 180, 186]. However, the SVT algorithm introduces a number of useful
ideas: Replacing (10.1) with a "regularized problem", the use of the shrinkage operator Sλ , the
use of Lagrange multipliers, and the use of Lanczos methods. The nuclear norm algorithms
that follow SVT exploit these ideas to produce faster methods.
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10.4

Regularized nuclear norm problems: Soft-Impute, FPC, APGL, and
RTR

In this section we consider methods for solving the problem
minimize
Rλ (X) =
m×n
X∈R

1/2∥PΩ (X)

− PΩ (A)∥2F + λ∥X∥∗ ,

(10.38)

where λ > 0 is a preassigned regularization parameter. Following the discussion of regularized least squares problems it is easy to establish the existence of a matrix Xλ∗ ∈ Rm×n that
solves (10.38). De ine β = 1/2∥PΩ (Xλ∗ ) − PΩ (A)∥2F then Xλ∗ also solves the problem
minimize ∥X∥∗
subject to X ∈ Rm×n and ∥PΩ (X) − PΩ (A)∥2F ≤ β.

(10.39)

The need for solving problems of this form arises in cases when the known entries of A are
corrupted with some noise. In such a case β > 0 is a preassigned parameter whose value
re lects the level of noise. Note also that (10.38) can be interpreted as the Lagrange version
of (10.39), e.g., [37, 180, 188].
Another closely related problem is (8.17). Assume for a moment that (8.17) is de ined with
k ≥ rank(Xλ∗ ). In this case (10.38) and (8.17) share the same optimal value, and a solution of
one problem provides a solution to the other problem.
The motivation for replacing (10.1) with (10.38) comes from the observation that as λ
tends to zero the solution of (10.38) approaches a solution of (10.1). Thus in practice (10.38)
is repeatedly solved, using a decreasing sequence of regularization parameters
λ1 > λ2 > · · · > λp > 0.

(10.40)

One way to solve (10.38) is by applying the following iterative algorithm. The ℓth iteration,
ℓ = 1, 2, . . . , starts with Xℓ−1 and ends with Xℓ . In the irst step of the basic iteration Xℓ−1 is
used to generate an admissible matrix, Zℓ = (Zij ), using the rule
Zℓ = PΩ (A) + QΩ (Xℓ−1 ).

(10.41)

That is, zij = aij when (i, j) ∈ Ω, and zij = xij otherwise. Then, in the second step, Xℓ is
obtained from Zℓ by the rule
Xℓ = Sλ (Zℓ ).
(10.42)
To justify this iteration we introduce the proximal function
Πℓ (X) =

1/2∥X

− Zℓ ∥2F + λ∥X∥∗ ,

(10.43)

which is strictly convex and satis ies
Πℓ (X) ≥ Rλ (X)

∀X ∈ Rm×n
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and
Π(Xℓ−1 ) = Rλ (Xℓ−1 ).
Therefore, since Xℓ is the unique minimizer of Πℓ (X), the sequence {Xℓ } has the decreasing
property
Rλ (Xℓ−1 ) ≥ Rλ (Xℓ ).
(10.44)
The iteration (10.41) - (10.42) has been proposed in Mazumder et al. [188] under the
name "Soft-Impute". (Since the matrix operator Sλ is sometimes called "soft-thresholding".)
It is proved in [188] that the sequence {Xℓ } converges toward a point Xλ∗ that solves (10.38).
Observe the similarity between the Soft-Impute algorithm and the Iterative SVD algorithm:
The basic iteration of Soft-Impute is obtained from that of Iterative SVD by replacing Tk (Zℓ )
with Sλ (Zℓ ). As in Iterative SVD, the updating rule (10.41) can be rewritten in the form
Zℓ = Xℓ−1 + (PΩ (A) − PΩ (Xℓ−1 )),

(10.45)

where the difference matrix, PΩ (A) − PΩ (Xℓ−1 ), points at the steepest descent direction of
F (X) = 1/2∥PΩ (A) − PΩ (X)∥2F at the point Xℓ−1 . The use of (10.45) is advantageous in cases
when Xℓ−1 is a low rank matrix and PΩ (A) − PΩ (Xℓ−1 ) is a sparse matrix. In such cases the
Lanczos method is ef iciently implemented to compute Sλ (Zℓ ), see [188].
A similar method is proposed in Ma et al. [180] under the name Fixed Point Continuation
(FPC) algorithm. (Both FPC and Soft-Impute were independently proposed at about the same
time.) The FPC algorithm modi ies (10.45) by allowing a move along the steepest descent
direction. Here the basic iteration is composed of the following three steps
Step 1: Select a stepsize τ > 0.
Step 2: De ine Zℓ by the rule
Zℓ = Xℓ−1 + τ (PΩ (A) − PΩ (Xℓ−1 )).

(10.46)

Step 3: Compute Xℓ from the rule
Xℓ = Sλτ (Zℓ ).

(10.47)

It is proved in [180] that under certain conditions on the stepsize parameter, τ , the sequence
{Xℓ } converges toward a minimizer of (10.38). A modi ied version of FPC, which is called
FPCA, computes Sλτ by applying an approximate SVD that is based on the fast Monte Carlo
algorithm developed by Drineas et al. [70]. The experiments reported in [180] use τ = 1 for
hard problems and τ = 2 for easy problems. In the irst case, when τ = 1, the FPC algorithm
coincides with the Soft-Impute algorithm.
Recently Toh and Yun [261] proposed a modi ied version of FPC whose basic iteration has
the following form.
Step 0: (Acceleration.) Compute a stepsize βℓ > 0 and set
X̃ℓ−1 = Xℓ−1 + βℓ (Xℓ−1 − Xℓ−2 ).

(10.48)
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Step 1: (Line search.) Computes a stepsize τ > 0 that attempts to minimize the one parameter
objective function
ρℓ (τ ) = Rλ (Sλτ (X̃ℓ−1 + τ (PΩ (A) − PΩ (X̃ℓ−1 )))).

(10.49)

Step 2: De ine Zℓ by the rule
Zℓ = X̃ℓ−1 + τ (PΩ (A) − PΩ (X̃ℓ−1 )).

(10.50)

Step 3: Compute Xℓ from the rule
(10.51)

Xℓ = Sλτ (Zℓ ).

In the irst iteration, when ℓ = 1, both Xℓ−2 and Xℓ−1 equal the starting point, X0 . The stepsize
βℓ is de ined in the following way:
βℓ = (αℓ−1 − 1)/αℓ ,

(10.52)

where the sequence {αℓ } is generated by the rule α0 = 1 and
αℓ = (1 + (1 + 4(αℓ−1 )2 )1/2 )/2.

(10.53)

The line-search parameter, τ , is determined by inspecting the value of ρℓ (τ ) on a sequence of
trial values. See [261] for details.
The iteration (10.48) -- (10.51) is called an Accelerated Proximal Gradient algorithm
with Line-search, or APGL in brief. The line-search requires a number of SVD computations. This increases considerably the computational effort per iteration. To reduce this effort
the authors provide a shortened iteration, called APG, which avoids the line-search and uses
τ = 1. The experiments reported in [261] use the PROPACK [159] implementation of Lanczos
method for SVD computations.
A Riemannian trust-region algorithm (RTR) for solving (10.38) is proposed in Mishra et
al. [194]. Here the matrix of unknowns is factorized in the form X = U SV T where U ∈ Rm×k
and V ∈ Rn×k have orthonormal columns and S ∈ Rk×k is a symmetric positive semide inite
matrix. This allows to replace ∥X∥∗ with trace(S). The value of k is gradually increased in
a manner that resembles the GRIP idea. That is, (10.38) is repeatedly solved for increasing
values of k until a satisfactory solution is reached.

10.5

Lagrange Multiplier methods: ADM, PPA and ALS

To illustrate the basic ideas we consider the Augmented Lagrangian (AL) method for solving
(10.1) The reader is referred to Bertsekas [21, 22] for detailed discussion of Lagrange Multiplier methods. Following this discussion the AL function of (10.1) can be written in the form
L(X, Y ) = λ∥X∥∗ − ⟨Y, PΩ (X) − PΩ (A)⟩ +

1/2∥PΩ (X)

− PΩ (A)∥2F ,
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where Y ∈ N denotes the related matrix of Lagrange multiples. (Recall that the entries of a
matrix Y = (yij ) ∈ N satisfy yij = 0 ∀(i, j) ∈
/ Ω.) The AL method is aimed at inding a saddle
point of L(X, Y ). The ℓth iteration, ℓ = 1, 2, . . . , starts with Xℓ−1 ∈ Rm×n and Yℓ−1 ∈ N, and
ends with Xℓ and Yℓ . The basic iteration is composed of two steps. The irst one updates the
X matrix, the second one updates the Y matrix.
The updating of X attempts to minimize the function
Lℓ (X) = L(X, Yℓ−1 ) = λ∥X∥∗ − ⟨Yℓ−1 , PΩ (X) − PΩ (A)⟩ +

1/2∥PΩ (X)

− PΩ (A)∥2F .

That is, we would like to de ine Xℓ to be a minimizer of Lℓ (X). However, computing an exact
minimizer of Lℓ (X) is not a simple task. Instead we compute an approximate minimizer, using
a "proximal approximation" of Lℓ (X). For this purpose we de ine the matrix
(10.54)

Zℓ = PΩ (A) + QΩ (Xℓ−1 ),
and consider the "proximal function"
Πℓ (X) = λ∥X∥∗ − ⟨Yℓ−1 , X − Zℓ ⟩ +

1/2∥X

− Zℓ ∥2F .

Then this function satis ies
Πℓ (Xℓ−1 ) = Lℓ (Xℓ−1 ) and Πℓ (X) ≥ Lℓ (X) ∀X ∈ Rm×n .
So a minimizer of Πℓ (X) is likely to provide a good substitute for a minimizer of Lℓ (X). Now
the minimizer of Πℓ (X) is given by Corollary 18. Hence in this way Xℓ is de ined by the rule
Xℓ = Sλ (Yℓ−1 + Zℓ ).

(10.55)

The updating of Y increases the penalty term
ηℓ (Y ) = −⟨Y, PΩ (Xℓ ) − PΩ (A)⟩
by changing Y along the steepest ascent direction of ηℓ (Y ). That is,
Yℓ = Yℓ−1 − θℓ (PΩ (Xℓ ) − PΩ (A)),

(10.56)

where θℓ > 0 is a positive stepsize parameter. This way, starting from Y0 ∈ N, the last rule
ensures that Yℓ ∈ N for all ℓ.
An extended iteration of this type is proposed in Chen et al. [42] under the name Alternating Direction Method (ADM). Let β ≥ 0 be a given nonnegative bound, and let Wβ denote a
subset of Rm×n which is de ined by the rule
Wβ = {W W ∈ Rm×n and ∥PΩ (W ) − PΩ (A)∥2F ≤ β}.
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Then the ADM is aimed at solving the problem
minimize ∥X∥∗
subject to X ∈ Rm×n , W ∈ Wβ ,
and
X = W.

(10.57)

The constraints of (10.57) can be summarized as X ∈ Wβ , which shows that (10.57) and
(10.39) are essentially the same problem. Yet the recent formulation suggests the following
AL method. Here the AL function has the form
L(W, X, Y ) = λ∥X∥∗ − ⟨Y, X − W ⟩ +

1/2∥X

− W ∥2F ,

and the basic iteration is composed of three steps. The irst one improves W , the second step
improves X, and the last step improves Y . The change in W reduces the AL function while W
is forced to stay in Wβ . The change in X uses Sλ to reduce the AL function. The change in Y
increases the AL function by moving along the related steepest ascent direction. See [42] for
the details. If β = 0 then (10.57) is reduced to the nuclear norm problem (10.1), and the ADM
iteration coincides with (10.54) -- (10.56).
Another AL method is considered in Liu et al. [176] under the name primal-dual Proximal
Point Algorithm (primal-dual PPA). In this iteration X is updated by minimizing a "primal
proximal function" that resembles Πℓ (X). Then Y is updated by maximizing a "dual proximal
function" that approximates the penalty term.
Let the matrix X ∗ ∈ Rm×n solve the nuclear norm problem (10.1), and let k be a given
integer that satis ies
rank(X ∗ ) ≤ k ≤ n.
(10.58)
Then from Theorem 11 we know that (10.1) can be rewritten in the form
minimize Ψ(U, V ) = ∥U ∥2F + ∥V ∥2F
subject to U ∈ Rm×k , V ∈ Rn×k ,

(10.59)

and U V T ∈ A.

The use of an AL method for solving this problem is considered in Recht et al. [225]. In our
notations the proposed AL function has the form
L(U, V, Y ) = λ(∥U ∥2F + ∥V ∥2F ) − ⟨Y, PΩ (U V T ) − PΩ (A)⟩ +

1/2∥PΩ (U V

T

) − PΩ (A)∥2F ,

and the basic iteration is composed of three steps. The irst step improves U by minimizing
the AL function with respect to U . The second step minimizes the AL function with respect to
V . The last step updates Y , using (10.56) with U V T instead of X. Note that the irst two steps
can be implemented as in the ALS iteration for solving (8.17).

10.6

Retrospective Remarks

The observation of Candè s and Recht [38] that nuclear norm solutions are able to achieve "exact recovery" is an important theoretical breakthrough, which motivated several authors to
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propose new methods for solving (10.1). The interest in the nuclear norm approach is re lected in the following quote from [42]. "This breakthrough achievement reveals that completing
a low-rank matrix can be accomplished by solving the convex relaxation problem (10.1), and it
has immediately inspired many authors to work on ef icient numerical algorithms for (10.1).
To mention a few, ... ". Also, as recently noted in [102], "Algorithms for matrix completion
seem to sprout like wild lowers in the spring ... ".
However, in spite of the current enthusiasm, there is a place for some reservations. One
point regards the motivation behind the nuclear norm approach, which is borrowed from the
ield of Compressed Sensing. In this ield it is desired to compute "sparse solutions" of underdetermined linear systems. But this approach is not necessarily helpful in matrix completion
problems. Let Â denote the original data matrix from which the entries of A are sampled.
Then in many practical situations there is no reason to assume that Â solves (10.1). Moreover, many papers that propose nuclear norm methods mention the solution of large Net lixlike problems as possible application. Yet, even in this speci ic application, we don't see that
the nuclear norm approach has a particular advantage. As Table 3 shows, a number of nuclear
norm methods were tested on matrix completion problems which are based on partial data
sets of Net lix, Jester, and MovieLens. In these experiments the inal RMSE error remains quite
large, which means that the tested algorithms failed to solve (10.1). This is not surprising, since the methods in Sections 10.4 and 10.5 are solving regularized least squares problems.
The ability of nuclear norm solutions to achieve exact recovery were tested on "random
problems" of the following type. The original matrix, Â, is de ined to be a low-rank random
matrix that satis ies the "low-coherence" requirement, and the locations of the known entries
are sampled "uniformly at random". Let r̂ denote the rank of Â. Then, as we have seen, the
number of degrees of freedom in SVD presentation of Â is r̂(m + n − r̂). The experience
gained in these experiments indicates that the possibility to achieve exact recovery depends
on the ratio between the overall number of known entries, ν, and the number of degrees of
freedom. If ν < r̂(m + n − r̂) then the computed nuclear norm solution fails to achieve exact
recovery. To ensure exact recovery ν should be considerably larger than r̂(m + n − r̂). The
experiments in [42], [176], [180] and [225] suggest that ν should be at least three times larger
than r̂(m + n − r̂). In this case the conditions of Theorem 6 are likely to hold, and least squares
methods with appropriate matrix rank, k, are also expected to achieve exact recovery. For
detailed discussions of this possibility, when using ALS or Iterative SVD, see [136] and [190],
respectively.
Another example that illustrates exact recovery is the MIT logo test image [225]. However, it is dif icult to ind examples of "real" matrix completion problems (problems that come
from real applications) in which it is reasonable to expect exact recovery. In many practical
situations r̂ is not known. So neither the ratio between ν and r̂(m + n − r̂) nor a bound of
the form (10.5) can be used to predict exact recovery. Similarly, there might be a dif iculty to
verify the low-coherence condition. For example, it is not known whether the Net lix matrix
satis ies these requirements.
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Part II: Related Problems and Methods
In this part we brie ly consider some closely related topics which have been left outside the
main course of our review. We start with two examples of special cases. That is, problems
in which the matrix to be completed has a special structure. Then we move to consider two
extensions of the matrix completion problem: The problem of imputing missing entries in tensors, and af inely constrained problems. Finally we discuss methods that come from different
disciplines: Methods which are based on biological models, and statistical methods.

11

Robust Principal Components Analysis

As before, Â ∈ Rm×n denotes a given data matrix. In this approach we seek a low rank matrix
X ∈ Rm×n and a sparse matrix S ∈ Rm×n such that Â = X + S. Following the motivation
behind the nuclear norm approach, the Robust PCA problem is often cast in the form
minimize R(X, S) = ∥X∥∗ + η∥S∥1
subject to X + S = Â,

(11.1)

where η is a positive scalar, and ∥ · ∥1 denotes the sum of absolute values of matrix entries.
The modi ication of this approach to handle problems with missing entries is quite straightforward. In this case (11.1) is replaced with
minimize R(X, S) = ∥X∥∗ + η∥S∥1
subject to PΩ (X) + PΩ (S) = PΩ (A).

(11.2)

The treatment of this problem resembles that of the nuclear norm problem. For example, in
analogy to (10.38), it is possible to replace (11.2) with its regularized version
minimize R(X, S) = λ∥X∥∗ + λη∥S∥1 +

1/2∥PΩ (A)

− PΩ (X + S)∥2F ,

(11.3)

where λ > 0 is a preassigned regularization parameter. A typical iteration for solving (11.3)
is composed of two steps. Starting with Xℓ and Sℓ the irst step computes Xℓ+1 in attempt to
minimize the proximal function Π(X) = R(X, Sℓ ). Then, in the second step, Sℓ+1 is de ined
as approximate minimizer of the function µ(S) = R(Xℓ+1 , S). As before, the irst problem
is solved by applying the singular values shrinkage operator, Sλ (Y ). The second problem is
solved by applying another matrix operator, Eε (Y ), which is de ined as the unique solution of
the problem
(11.4)
minimize
ξ(Z) = 1/2∥Z − Y ∥2F + ε∥Z∥1 ,
m×n
Z∈R

where ε > 0 is a given positive scalar. The last problem is solved by separate consideration of
each entry. In this way we see that the entries of the solution matrix Z = Eε (Y ) satisfy the
following rule: zij = yij − ε when yij > ε, zij = yij + ε when yij < −ε, and zij = 0 when
|yij | ≤ ε. Note the similarity and the difference between (11.4) and (10.32).
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The Augmented Lagrangian (AL) function of (11.2) can be written in the form
L(X, S, Y ) =λ∥X∥∗ + λη∥S∥1 + ⟨Y, PΩ (A) − PΩ (X + S)⟩
+ 1/2∥PΩ (A) − PΩ (X + S)∥2F .

(11.5)

Here the basic iteration is composed of three steps: The irst step updates X in attempt to
reduce the AL function, using the shrinkage operator Sλ . The second step updates S in attempt to reduce the AL function. This reduction uses the shrinkage operator Eλη . The third
step increases the AL function by moving Y along the steepest ascent direction. For detailed
discussions of Robust PCA methods see [36, 169, 170, 245, 285].

12

Euclidean Distance matrix completion problems

In Linear Algebra literature the term "matrix completion problems" often refers to the task of
imputing missing entries of matrices that have special properties, e.g. [138], [167]. This category includes positive semide inite matrices [114, 139, 161], maximum rank matrices [96],
skew-symmetric matrices [102], (Inverse) M -matrices [141], P -matrices [79, 140], Kernel
matrices [112], and so forth. The solution of such problems requires special algorithms which
take advantage of the speci ic properties of the matrix at hand.
The Euclidean Distance matrix completion problem is a good example of these types of
problems. A matrix A = (aij ) ∈ Rn×n is called an r-dimensional Euclidean Distance (ED)
matrix if there exist n points in Rr , say x1 , x2 , . . . , xn , such that
aij = ∥xi − xj ∥22 ,

i = 1, . . . , n,

j = 1, . . . , n.

(12.1)

Let X = [x1 , . . . , xn ] ∈ Rr×n denote the related positions matrix, and let the column vector
g(X) be composed from the diagonal entries of the matrix X T X. That is,
g(X) = (∥x1 ∥22 , . . . , ∥xn ∥22 )T ∈ Rn .

(12.2)

Let the matrix operator G(X) be de ined as
G(X) = g(X)eT + eg(X)T − 2X T X,

(12.3)

where e = (1, 1, . . . , 1)T ∈ Rn . With these notations at hand the de inition (12.1) of an ED
matrix can be rewritten as
A = G(X).
(12.4)
Observe that for any orthogonal matrix Q ∈ Rr×r , QT Q = I, the matrices X and QX share the
same ED matrix, G(X) = G(QX), and ∥X∥2F = ∥QX∥2F . The Frobenius norm of the positions
matrix can be reduced by considering the least squares problem
minimize
ρ(u) =
u∈Rr

n
∑

∥xj − u∥22 ,

j=1

176

Achiya Dax / Journal of Advanced Computing
(2014) Vol. 3 No. 3 pp. 98-222

which has a unique minimizer at the centroid point
û = (x1 + · · · + xn )/n = Xe/n.
Replacing xj with xj − û is carried out by using the centering matrix
C = I − eeT /n,
which shifts the origin of Rr to the centroid point. The matrix XC is row-centered, and ∥XC∥2F ≤
∥X∥2F . Furthermore, since shifting the origin does not change Euclidean distances, both X and
XC share the same ED matrix, and G(X) = G(XC). Hence there is no loss of generality in
assuming that the positions matrix, X, is row-centered. That is
Xe = 0 and XC = X.

(12.5)

A further consequence of the above relations is that the ED matrix is related with symmetric matrices of the form X T X and (XC)T (XC). To clarify these relations we use the following
notations. Let Sn denote the set of all n × n real symmetric matrices. Similarly, S+
n denotes the
set of all n × n real symmetric positive semide inite matrices. Also, as before, S ≥ 0 means
S ∈ S+
n . Let S = (sij ) ∈ Sn be a given symmetric matrix. Then the column vector
h(S) = (s11 , . . . , snn )T ∈ Rn

(12.6)

is composed from the diagonal entries of S, and the matrix operator H(S) is de ined as
H(S) = h(S)eT + eh(S)T − 2S.

(12.7)

S ≥ 0 and rank(S) ≤ r.

(12.8)

Assume further that
In this case there exists a positions matrix, X ∈ Rr×n , such that
S = X T X and G(X) = H(S).

(12.9)

In other words, if (12.8) holds then H(S) is an r-dimensional ED matrix. Moreover, in this
case the matrices S and CSC share the same ED matrix. That is,
(12.10)

H(CSC) = H(S).

Conversely, given an r-dimensional ED matrix, A, there exists a positions matrix, X, such that
A = G(X) = G(XC). Hence the matrix S = (XC)T (XC) satis ies
S ≥ 0, rank(S) ≤ r, A = H(S),

and S = CSC.

(12.11)

Note that for any symmetric matrix S the condition S = CSC is equivalent to Se = 0. It is
also easy to verify that the relations A = H(S) and S = CSC imply the equality
S = − 1/2 CAC.

(12.12)

The matrix de ined by the last equality is called the "source matrix" of A. The properties of
this matrix are summarized below.
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Theorem 19 (Uniqueness and minimum-norm property of the source matrix). Given an rdimensional ED matrix, A, there exists a unique "source matrix", S ∈ S+
n , that satis ies (12.11)
+
and (12.12). Moreover, let Ŝ ∈ Sn be some other matrix that satis ies A = H(Ŝ). Then
∥−

2
1/2 CAC∥F

≤ ∥Ŝ∥2F .

(12.13)

Corollary 20. Computing a square-root of the source matrix (12.12) provides a row-centered
positions matrix, X ∈ Rr×n , that satis ies
X T X = − 1/2 CAC, A = G(X),

and Xe = 0.

(12.14)

Furthermore,
∥X∥F = ∥ −

1/2 CAC∥F ,

(12.15)

which means that X enjoys the minimum-norm property: Let X̂ be some other positions matrix
of A, then
∥X∥F ≤ ∥X̂∥F .
(12.16)
Recall that the square-root of a source matrix is not unique, since X T X = (QX)T (QX) for
any orthonormal matrix Q ∈ Rr×r . However, let Y be some matrix that satis ies Y T Y = X T X.
Then, clearly, ∥Y ∥F = ∥X∥F . This leads to the following conclusion.
Corollary 21. Any row-centered positions matrix enjoys the minimum-norm property.
The ED matrix completion problem occurs when some entries of A are missing. In this
case we would like to compute an r-dimensional ED matrix, B say, such that
PΩ (B) = PΩ (A),

(12.17)

where Ω and PΩ are de ined as in (1.2). If r is not speci ied, then it is often desired to ind an
ED matrix B, that satis ies (12.17) with the smallest possible r, e.g., [83]. Once B is computed,
the missing entries in A attain the values of the corresponding entries in B.
The need for solving ED matrix completion problems arises in a number of important applications. One example comes from multidimensional scaling problems in psychometrics and
statistics. Here the matrix entries represent similarities (or dissimilarities) between objects and we want to produce geometric representation of these objects, e.g., [25, 62, 63, 266].
A second example comes from computational chemistry. Here it is desired to determine the
structure of a molecule ("molecular conformation") from information about interatomic distances, e.g., [48, 103, 267]. Recent applications include the use of acoustic echoes to reveal
room shape, [67], and calibration of ultrasound tomography devices, [210]. Note that in many
cases we seek the locations of points in R2 or R3 . In some applications the problem to solve can
be interpreted as graph realization problem. The connections between ED matrix completion
problems, positive semide inite matrices, and graphs are discussed in a number of papers, e.g.,
[114, 139, 161, 162]. For recent review of ED geometry and its applications see [168].
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One way to solve the problem is by computing a (row-centered) positions matrix, X, such
that
PΩ (G(X)) = PΩ (A).
(12.18)
In this approach X is obtained by solving the least-squares problem
∥PΩ (G(X)) − PΩ (A)∥2F ,
minimize
r×n
X∈R

(12.19)

which can be rewritten as
minimize φ(X) =

∑

(aij − ∥xi − xj ∥22 )2
(12.20)

(i,j)∈Ω

subject to X = [x1 , . . . , xn ] ∈ R

r×n

.

Old and new methods for solving this problem are discussed in [80] and [192].
A second approach is to compute a source matrix, S ∈ S+
n , that satis ies
(12.21)

PΩ (H(S)) = PΩ (A).
This task can be achieved by solving an SDP problem of the form
minimize ∥PΩ (H(S)) − PΩ (A)∥2F
subject to S ≥ 0 and Se = 0.

(12.22)

A primal-dual interior-point algorithm for solving this problem is proposed in [6], while Riemannian optimization methods (gradient descent and trust-region) are discussed in [192].
A third way is proposed by Trosset [268]. It is based on the following observation whose
proof is given in [60].
Lemma 22. Let S̃ ∈ Sn be a given symmetric matrix with eigenvalues λ̃1 ≥ λ̃2 ≥ · · · ≥ λ̃n , and
spectral decomposition S̃ = QD̃QT , QT Q = I, and D̃ = diag{λ̃1 , . . . , λ̃n }. Let the diagonal
matrix D̂ = diag{λ̂1 , . . . , λ̂n } be obtained from D̃ by the rule: λ̂i = max{λ̃i , 0} for i = 1, . . . , r,
and λ̂i = 0 for i = r + 1, . . . , n. Then the matrix Û = QD̂QT solves the problem
minimize ρ(U ) = ∥U − S̃∥2F
subject to U ∈ S+
n,r ,

(12.23)

where
+
S+
n,r = {U U ∈ Sn and rank(U ) ≤ r}.

As a consequence, the optimal value of this problem equals ρ(Û ) and can be expressed by the
function
r
n
∑
∑
2
(12.24)
τr (S̃) =
(λ̃i − max{λ̃i , 0}) +
λ̃2i .
i=1

i=r+1
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Let Ã denote the set of matrices which are admissible for the ED matrix completion problem. More precisely, a matrix S belongs to Ã if and only if it satis ies the following three conditions: S ∈ Sn , S has nonnegative entries, and PΩ (S) = PΩ (A). Trosset [268] has proposed
to consider the problem
minimize

η(U, S) = ∥U − (− 1/2 CSC)∥2F

subject to U ∈ S+
n,r and S ∈ Ã,

(12.25)

and used Lemma 22 to rewrite it in the form
minimize

τr (− 1/2 CSC)

subject to S ∈ Ã.

(12.26)

Since S must satisfy PΩ (S) = PΩ (A), the unknown variables in the last problem are nondiagonal entries of S which correspond to missing entries of A. Trosset [267] and Grooms et
al. [115] have used a trust-region method to solve this problem.
Another way to solve (12.25) is described below. The ℓth iteration, ℓ = 1, 2, . . . , starts with
Uℓ and Sℓ , and uses Lemma 22 to compute a matrix Uℓ+1 = (uij ) that solves the problem
minimize
subject to

φ(U ) = ∥U − (− 1/2 CSℓ C)∥2F
U ∈ S+
n,r .

(12.27)

Then Sℓ+1 is de ined to be the (minimum norm) solution of the problem
minimize
subject to

ψ(S) = ∥Uℓ+1 − (− 1/2 CSC)∥2F
S ∈ Ã.

(12.28)

The last iteration is, clearly, a "block" alternating minimization method. The computation
of Sℓ+1 is based on the observation that (12.28) is a linear least squares problem with simple
bounds. The unknown variables here are the unknown entries of S, which are forced to stay
nonnegative. The linear equations that de ine this system are obtained by equating the entries
of − 1/2 CSC against the corresponding entries in Uℓ+1 . Note that the (i, j) entry of − 1/2 CSC
has the form − 1/2 cTi Scj , where cj denotes the jth column of C, j = 1, . . . , n. Hence the equality − 1/2 cTi Scj = uij de ines a linear equation in the unknown entries of S. Now the symmetry
of Uℓ+1 and S implies that we have (n + 1)n/2 linear equations in ν̃ unknowns, where ν̃ denotes the number of missing entries in the upper triangular part of A. The main point here is
that the matrix which de ines this system does not change during the iterative process. It is
only the r.h.s. vector that changes.

13

Missing values in tensors

A tensor is a multidimensional array. A tensor of order N is an N -way array whose entries are
addressed via N indices: A tensor of order one is a vector; a tensor of order two is a matrix;
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a tensor of order three is a three-way array T = (tijk ) ∈ Rℓ×m×n . (Another name is N -mode
array.) To simplify the coming discussion we concentrate on third order tensors. For a recent
review of tensors and their applications see Kolda and Bader [150].
A common tool for analyzing a given data tensor, T = (tijk ), is the CANDECOMP-PARAFAC
(C-P) model. The C-P model was independently proposed by Carroll and Chang [41], and
Harshman [122]. In the irst paper it appears under the name "Canonical Decomposition"
(CANDECOMP), while the second paper calls it "a Parallel Factors procedure", or PARAFAC
in brief. In this approach the data tensor, T , is approximated by a sum of p rank-one tensors. The entries of a rank-one tensor X = (xijk ) ∈ Rℓ×m×n satisfy xijk = αi βj γk for some
vectors (α1 , . . . , αℓ )T ∈ Rℓ , (β1 , . . . , βm )T ∈ Rm , and (γ1 , . . . , γn )T ∈ Rn . Similarly, a tensor X = (xijk ) ∈ Rℓ×m×n is the sum of p rank-one tensors if there exist three matrices
A = (aij ) ∈ Rℓ×p , B = (bij ) ∈ Rm×p , and C = (cij ) ∈ Rn×p , such that
p
∑

aiq bjq ckq .

(13.1)

X = X1 + · · · + Xp ,

(13.2)

xijk =

q=1

Note that (13.1) implies the equality

where Xq , q = 1, . . . , p, is the rank-one tensor which is de ined by the qth columns of A, B,
and C, respectively. The entries of these matrices are determined in an attempt to solve the
least squares problem
minimize f (A, B, C) =

ℓ ∑
m ∑
n (
∑

tijk −

p
∑

i=1 j=1 k=1

)2
aiq bjq ckq

(13.3)

q=1

subject to A = (aij ) ∈ Rℓ×p , B = (bij ) ∈ Rm×p , and C = (cij ) ∈ Rn×p .
As with matrices, the simplicity of the ALS method makes it a commonly-used tool for
solving (13.3). Here the basic iteration of the ALS method runs through the matrices A, B,
and C, modifying one matrix at a time. The convergence of the ALS is often improved by using
regularization and line-search techniques, e.g., [41, 122, 150, 262, 263, 274]. Further methods
are considered in [77] and [263].
The rank of a tensor X can be de ined in a number of ways. In one way [150, page 464] it
is de ined as the smallest number of rank-one tensors whose sum equals X. This de inition
enables us to rewrite (13.3) in the following way
minimize f (X) =

ℓ ∑
m ∑
n
∑
i=1 j=1 k=1

subject to

(tijk − xijk )2

(13.4)

rank(X) ≤ p.

The last problem can be viewed as an extension of the Eckart-Young problem (1.3) to (threeway) tensors. However, there are important differences between the two problems. One difference regards the existence of a tensor X ∗ that solves (13.4). A second difference is that
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a rank-one tensor that solves (13.4) for p = 1 does not necessarily participate in a sum that
solves (13.4) for a larger value of p. For detailed discussion of these differences see Kolda and
Bader [150] and the references therein.
In practical applications it happens that the data tensor, T , has some missing entries. In
this case the C-P model of T is often computed with the following modi ication: The sum that
de ines the objective function of (13.3) is restricted to known entries of T . (Note the similarity
to (8.1).) Once the C-P tensor X is computed, the missing entries of T obtain the values of the
corresponding entries in X. The current interest in matrix completion algorithms is followed
by a growing interest in tensor completion algorithms. Naturally the treatment of tensors is
more complicated but the basic approaches are similar. Below we brie ly mention a few examples of tensor completion methods. The adaptation of the ALS to handle missing values is
considered in [262]. Another method considered in [262] is a Gauss-Newton algorithm, called
INDAFAC, which is aimed at minimizing the related nonlinear least squares problem. The basic iteration of INDAFAC computes the current residual vector, r, and the related Jacobian matrix, J. Then a search direction, u, is computed by solving the related Levenberg-Marquadt
equation
(J T J + λI)u = J T r,
where λ is a positive parameter. The value of λ is determined in a way that ensures "satisfactory decreasing". (The last iteration can be viewed as trust-region method in which the radius is
implicitly determined by λ.) The use of a Nonlinear Conjugate Gradient (NCG) method is proposed in [4] under the name "CP-WOPT". The authors provide two ways for computing the
related gradient vector. One for "dense" problems with small percentage of missing entries,
and one for "sparse" problems, with small percentage of known entries. In [154] a Riemannian nonlinear CG method is implemented on the manifold of low-rank tensors. (The manifold
of tensors of ixed multilinear rank.) The geometric ingredients of this method include "retraction" and "vector transport" as in [272], but the actual computations are more complicated.
The extension of the minimum rank approach and the nuclear norm approach to tensor completion problems is discussed in several papers, e.g., [95, 107, 174, 175, 223, 247, 265]. For a
recent literature survey of low-rank tensor approximation techniques see [113].

14

Af inely constrained problems

Another extension regards the af ine rank minimization problem
minimize rank(X)
subject to A(X) = b

(14.1)

where A is an af ine transformation from Rm×n to Rν , b ∈ Rν , and the matrix X ∈ Rm×n is
the unknown variable to compute. In practice the last problem is often replaced by the related
af ine nuclear norm problem
minimize ∥X∥∗
subject to A(X) = b.

(14.2)
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An example of af ine transformation is a linear map of the form
A(X) = Y x

(14.3)

where Y ∈ Rν×mn is a given matrix and x = vec(X) ∈ Rmn is obtained by unfolding X into
an mn-vector. The matrix problems (9.1) and (10.1) are special cases of (14.1) and (14.2), respectively, in which the rows of Y are sampled from the rows of the mn × mn identity matrix.
Indeed several authors consider the solution of (9.1) and (10.1) within this framework. The
reader is referred to Recht et al. [225] for recent review of af ine rank minimization problems. The analysis of these problems is often based on the assumption that the linear map
A satis ies a certain Restricted Isometry Property (RIP). As noted in [37] and [85], the related matrix completion problem does not satisfy this property in general. Recently Meka et al.
[190] have shown that the restricted isometry property holds for matrix completion problems
under certain conditions. (Roughly speaking, these conditions require low rank, low coherence, randomly sampled entries, and ν large enough.)

15

Biologically inspired methods

In this section we introduce a new approach that gains popularity these days. The name biological methods refers to computational models that imitate the way a certain biological organ
or system works. At the irst moment it seems somewhat queer to use a biological model for
computing the missing entries of an arbitrary data matrix. Indeed, these methods are quite
different from the former imputing methods. However, as explained below, it is possible to
harness these models to achieve imputing.

15.1

Arti icial Neural Networks (ANN)

Arti icial Neural Networks (ANN) are mathematical models, made from layers of "neurons",
that imitate the basic structure of a nervous system. A typical ANN model consists of an input
layer, one or more hidden layers, and an output layer. The information passes from the input
layer to the output layer, through the hidden layers. Each layer contains a number of neurons
that receive signals from neurons in the preceding layer, compute a weighted sum of these
signals, pass the sum through a "transfer" function, and submit the resulting signal to neurons
in the succeeding layer.
Let x1 , . . . , xℓ denote the signals of the input neurons, and let y1 , . . . , yn denote the signals
of the output neurons. Assume for simplicity that the model has one hidden layer, and let
h1 , . . . , hm denote the signals of the hidden neurons in this layer. Then, for i = 1, . . . , m,
ℓ
∑
h i = fi (
wij xj ),
j=1
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where fi (θ) denote the transfer function of the ith hidden neuron, and wij , j = 1, . . . , ℓ, are
the related weight factors. Similarly, for k = 1, . . . , n,
yk = f˜k (

m
∑

w̃ki hi )

i=1

where f˜k (θ) denotes the transfer function of the kth output neuron, and w̃ki , i = 1, . . . , m,
denote the related weight factors.
A nerve cell is activated to send a signal if the sum of received signals exceeds a certain
threshold. The transfer functions are designed to mimic this behavior. (These functions are
also called activating functions, or logistic functions.)
The weight parameters and the transfer functions are determined by running an iterative
process that is called "training". In this process the parameters of the ANN model are adjusted
in attempt to follow an observed pair (or pairs) of input and output signals, x∗ = (x∗1 , . . . , x∗ℓ )T
and y∗ = (y1∗ , . . . , yn∗ )T say. Given a set of parameters, the basic iteration starts by propagating
forward the input signal, x∗ , to produce the related output signal, ỹ = (ỹ1 , . . . , ỹn ) say. Then
the related error signal e = y∗ − ỹ is propagated back through the network, so that at each
layer the associated error is known. Finally, at each layer the associated error is used to correct
the network parameters, where the correction is aimed to reduce the error. See, for example,
[98, 119, 155, 197, 252] and the references therein.
To illustrate the way ANN models are used to recover missing data we consider the following example. Let the data matrix A = (aij ) ∈ Rm×n contain annual records of rain in a group
of neighboring monitoring stations. That is, aij denote the annual rainfall at the jth station
during the ith year. Assume further that the irst ℓ columns of A are without missing entries,
but the rest of the columns have some missing entries. Now let j ∗ be a column index such that
j ∗ > ℓ. Then we would like to recover the missing entries in the j ∗ th column by using the irst
ℓ columns. For this purpose we build an ANN model with ℓ input neurons, x1 , . . . , xℓ , and one
output neuron, y1 . The model is trained to achieve the following task: Using the input signal
xj = aij , j = 1, . . . , ℓ, the output signal y1 predicts the value of aij ∗ . The rows of the matrix in
which aij ∗ is known are used for the training. If aij ∗ is missing then it attains the value of y1 .
It is interesting to compare this method with KNN imputing. In KNN, when the irst ℓ
columns serve as neighbors of the j ∗ th column, the missing value of aij ∗ is de ined to be a
weighted average of ai1 , . . . , aiℓ . So the KNN method can be viewed as a "degenerate" ANN
model that misses its hidden layers. This comparison exposes the relative complexity of the
ANN approach. To build an ANN model we need to decide on a proper number of hidden
layers, and to ix the number of neurons at each layer. Then we have to achieve the training
process, which can be a time consuming task. Nevertheless, despite these dif iculties, there
is a growing number of papers that report on successful use of ANN models for recovering
missing data. See Table 5 for detailed references.
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15.2

Genetic Algorithms

A genetic algorithm is a mathematical model that mimics biological evolution. It operates on
binary strings which are called "individuals" or "chromosomes", where each chromosome is
a vector b = (b1 , b2 , . . . , bℓ ) ∈ Rℓ whose entries are either 1 or 0. The algorithm is aimed to
ind a chromosome that minimizes (or maximizes) a given objective function. The objective
function is transformed into a " itness function" and each chromosome is assigned a " itness
value" which measures how good is that chromosome in solving the problem at hand.
The algorithm iterates on a set of N chromosomes which is called "population". The basic iteration starts with a given population and changes that population by applying "genetic operations". Typical genetic operations are "mutation" (random bit lip), "crossover" (exchange of corresponding substrings between two chromosomes), and "selection" (deletion
of less successful individuals and making copies of successful ones). To follow the way biological evolution works, these operations are carried out by applying stochastic sampling
methods which give preference to better itted individuals. The basic iteration ends, therefore, with new population which is likely to be better itted. A common practice is to start
with a randomly chosen population, then the algorithm iterates for many generations until
either a prespeci ied iteration limit is exceeded, or a satisfactory itness level is reached by
some individual.
The use of genetic algorithms to solve matrix completion problems can be done in an number of ways. Let us consider for example the nuclear norm problem (10.1) in the special case
when the entries of A are nonnegative integers between 0 and 2η − 1, where η is a given positive integer. Then each entry of A can be represented by a binary string of length η. Assume
further that A has µ missing entries which are ordered in some way, and let x1 , . . . , xµ , denote
the related values of these entries. This way each set of missing values uniquely de ines a binary string of length ℓ = ηµ, and vice versa. For each chromosome of that length the objective
function value equals the nuclear norm of the related matrix. Now it is possible to use a genetic algorithm to ind a well itted chromosome. For further discussions of genetic algorithms
and their use to approximate missing data see the references given in Table 5.

16

Statistical methods

We have seen that several imputing algorithms have evolved from statistical methods for analyzing incomplete sample surveys: Averaging methods are related with the "mean-imputing"
method, the Nearest Neighbors approach evolved from "Hot-Deck Imputation", while ICR and
Iterative SVD descend from the maximum likelihood EM framework. Another example is the
use of Cross-Validation to assess the imputing error, see Section 19. It is interesting, therefore,
to note the main features that characterize statistical treatment of missing data.
First, statistical methods often make assumptions on the data. For example, as in maximum likelihood EM methods and in multiple imputing methods, it is common to assume that
the values of the data entries are generated by some (known) probabilistic distribution function. Another type of assumptions regards the missingness mechanism that determines the lo185
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cations of missing entries. Here it is common to distinguish between "not missing at random",
"missing at random", and "missing completely at random", e.g., [10, 173, 182, 236, 241, 270].
Second, and most important, the ultimate goal of statistical analysis is to produce reliable
estimates of statistical parameters that characterize the data. (Such as means, variances, correlations, covariances, principal components, etc.) If this task can be satis ied without assigning values to missing entries, then the analysis is carried out without achieving imputing. Consequently, "listwise deletion" is the default option in most of the statistical software packages.
In matrix terminology "listwise deletion" means that we simply delete any row that contains
missing entries. The simplicity of this method makes it a popular option in many applications.
Indeed, as reported in [270], an inspection of 103 research articles shows that listwise deletion is heavily utilized when treating missing data in operations management surveys. However, listwise deletion may lead to inaccurate estimates of statistical parameters, especially
when the data fail to satisfy the "missing completely at random" assumption. Thus, from the
statistical point of view, the reason for conducting imputation is to gain improved estimates
of the desired parameters. For example, Allison [10] gives the following warning (regarding
the maximum likelihood method). "The principal output from this algorithm is the set of maximum likelihood estimates of the means, variances and covariances. Although imputed values
are generated as part of the estimation process, it is not recommended that these values be
used in any other analysis."
In statistical terminology, methods like mean substitution, hot-deck imputation, and expectationmaximization, are classi ied as "single imputation" methods, since here each missing entry is
assigned one value. These methods have certain advantages over listwise deletion, but liable
to suffer from certain drawbacks. (For example, mean substitution is likely to produce smaller estimates of the variance.) The "multiple imputing" approach is designed to avoid biased
estimates. In this method the values of the missing entries are computed by "random draws"
from a given probabilistic distribution. Once all the missing entries attain values, the algorithm computes the desired set of statistical parameters. This imputing process is repeated ℓ
times, producing ℓ sets of parameters. (Typically ℓ is a small integer between 3 to 10.) Then
the inal estimation of the parameters is carried out by taking means over the ℓ sets. This way
one obtains an improved set of statistical parameters, as well as some indication on the accuracy of the derived estimates. Yet no concrete values are assigned to the missing entries. For
detailed discussions of multiple imputation methods see [10], [230], [231], and [236].
The current review discusses the imputing problem from a Numerical Linear Algebra (NLA) point of view. The differences between the statistical approach and the NLA approach
resemble the differences in the treatment of Linear Least Squares (LLS) problems. The statistical treatment of these problems is based on a "standard linear model" that satis ies
the assumptions of the Gauss-Markov theorem. In contrast, most of the NLA textbooks are
free from statistical terminology and the LLS problem is considered without mentioning the
Gauss-Markov theorem. An inspection of our references shows that many of the older papers
describe imputing methods within the statistical framework. For example, as noted in Section
6, the Iterative SVD algorithm is often described as an expectation-maximization procedure.
This is, perhaps, because the statistical treatment of missing data is a relatively mature area
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that preceded most of the other applications. Yet recent papers that are aimed at solving (1.1)
or (10.1) follow the NLA approach.

Part III: Assessing the quality of the imputed entries
The last part of our review is dedicated to the question of how to assess the quality of the
imputed entries. This issue has several interesting aspects, both from the theoretical and the
practical points of views. The Net lix prize competition [203] is based on a certain assessment
procedure but there are several other options. Below we describe the basic concepts and the
dif iculties that characterize each approach.
One way to evaluate the usefulness of a certain imputing method is to run the proposed
algorithm on a number of test problems, where each test matrix, A, is generated from a known
matrix, Â. In this case we can use direct error measurements. However, in practical situations the "true" values of the missing entries are not known. This brings us to consider implicit
methods for estimating the prediction error. The basic idea is to test the ability of the algorithm to predict the values of known entries of A. The simplest version of this approach is
based on Model Evaluation Metrics, see Section 18 below. Yet, as we shall see, this approach
has certain limitations. A more sophisticated approach is to split the set of known entries into
two distinct sets: A "training" set and a "probe" set. Then the algorithm runs on the training set and tested on the probe set. The probe set is used to de ine a "probe function" that
measures the quality of the predicted entries which belong to the probe set. This idea comes
from the statistical Cross-Validation method, see Section 19. The Cross-Validation technique
is often used for tuning model's parameters. This idea is illustrated in Section 20: Comparing
the behavior of the model evaluation metric with that of the probe function gives an effective
way to determine an optimal matrix rank when solving (1.1).

17

Direct error measurements

This approach is possible when the test matrix, A, is obtained from a known matrix, Â, by
considering some entries of Â as "missing". Usually the locations of the "known" entries (or
the locations of the "missing" entries) are "sampled at random". Also, as we have seen, many
methods achieve imputing by computing a low-rank matrix X = (xij ) ∈ Rm×n that approximates A in some way. Then the missing entries of A attain the values of the corresponding
entries in X. In such cases, when both Â and X are available, it is possible to measure the
error with the ratio
∥X − Â∥F /∥Â∥F .
(17.1)
The use of this measure is common in the Nuclear Norm literature. See, for example, [35, 37,
38, 42, 106, 176, 180, 225, 261]. Yet another option is to concentrate on the prediction error.
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In this way (17.1) is replaced with the ratio
( ∑
)1/2 /( ∑
)1/2
(xij − aij )2
a2ij
,
(i,j)∈Ω′

where

(17.2)

(i,j)∈Ω′

Ω′ = {(i, j) | aij is missing }

(17.3)

denotes the index set of missing entries. In [188] the authors use a slightly different error
normalization of the form
( ∑
)1/2 /( ∑
)1/2
(xij − aij )2
x2ij
.
(17.4)
(i,j)∈Ω′

(i,j)∈Ω′

In problems that come from Collaborative Filtering and Recommender Systems the entries of the matrix lie in a certain range. For example, the known entries of the Net lix matrix
are integers between 1 and 5. In this area it is common to compute the average value of the
prediction error. The Mean Absolute Error (MAE) criterion is de ined as
( ∑
)
MAE =
|xij − aij | /ν ′ ,
(17.5)
(i,j)∈Ω′

where ν ′ denotes the number of missing entries. The Normalized MAE criterion is
NMAE = MAE/(αmax − αmin ),
where

(17.6)

αmax = max{aij |(i, j) ∈ Ω′ } and αmin = min{aij |(i, j) ∈ Ω′ }.

Similarly the Root Mean Squared Error (RMSE) criterion is de ined as
(
)1/2
∑
′
2
RMSE = (1/ν )
(xij − aij )
.

(17.7)

(i,j)∈Ω′

The error criteria MAE, NMAE, and RMSE are often used to evaluate the performance of recommender systems, e.g., [7, 40, 104, 118, 128, 189, 255]. The use of these criteria is easily
extended to methods that achieve imputing without a low-rank matrix X that approximates
A. (Such as KNN or ICR.) In this case xij denotes the predicted value of the (i, j) entry.

18

Model evaluation metrics

In practical problems the "true" values of the missing entries remain unknown. Hence the
above de initions of MAE, NMAE, and RMSE need to be modi ied. One way to resolve this
dif iculty is by summing the error over the index set of known entries,
Ω = {(i, j) | aij is known }.
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As before it is assumed that the tested algorithm achieve imputing by generating a low-rank
matrix X that approximates A. The idea is that the ability of X to approximate the known part
of A re lects its ability to predict the unknown part. This leads to the following de initions, e.g.,
[40, 42, 104, 128].
( ∑
)
MAE =
|xij − aij | /ν,
(18.1)
(i,j)∈Ω

where ν denotes the number of known entries.
/
NMAE = MAE (αmax − αmin ),

(18.2)

where
αmax = max{aij (i, j) ∈ Ω} and αmin = min{aij (i, j) ∈ Ω},
and

(

RMSE = (1/ν)

∑

(xij − aij )

2

)1/2

(18.3)

(i,j)∈Ω

Observe that the last three criteria are essentially equivalent. Being related to vector norms
on Rν these terms satisfy
RMSE/ν 1/2 ≤ MAE ≤ RMSE.
(18.4)
Note also that the RMSE term (18.3) is closely related to F (B), the objective function of the
least squares problem (1.1). Substituting B = X in (1.1) shows that
F (X) = ν(RMSE)2 .

(18.5)

However, since any admissible matrix gives a zero RMSE value, a small RMSE value does
not necessarily imply high quality imputing. This exposes a certain weakness of the model
evaluation approach. The modi ications described in the next section attempt to overcome
this dif iculty.

19

The training set, the probe set, and cross-validation

In this approach the index set of known entries, Ω, is split into two distinct sets: A "training
set", Ω̃, and a "probe set", Ω̂, such that
Ω = Ω̃ ∪ Ω̂ and Ω̃ ∩ Ω̂ = ∅.

(19.1)

Then the algorithm achieves imputing using Ω̃ instead of Ω, generating predicted values, pij ,
for all entries in positions (i, j) ∈
/ Ω̃. Therefore, since for (i, j) ∈ Ω̂ both pij and aij are available, the prediction error is estimated from this set. Thus, for example,
( ∑
)
MAE =
|pij − aij | /ν̂,
(19.2)
(i,j)∈Ω̂
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where ν̂ denotes the number of entries in the probe set, and
(

RMSE = (1/ν̂)

∑

(pij − aij )

2

)1/2
.

(19.3)

(i,j)∈Ω̂

The implementation of this idea raises two crucial questions: How many entries to include
in the probe set, and how to choose these entries. The answers depend on the speci ic properties of the matrix at hand: The size of the matrix, the percentage of missing entries, the way
the missing entries are spread in the matrix, and the applications intended for the matrix. For
example, in Collaborative Filtering it is common to take the probe entries from the most recent ratings, e.g., [256], [257]. In the Net lix Prize problem [203] the probe set is chosen in a
random way. (But the actual evaluation process is more complicated for security reasons.)
The use of a training set and a probe set plays an important role in the statistical "CrossValidation" method, e.g., [16, 126, 149, 237, 244]. In this methodology the probe set is often
called "test set" or "validation set". The basic procedure is called "k-fold Cross-Validation".
Here the set of known entries, Ω, is randomly split into k disjoint subsets, Ωp , p = 1, . . . , k of
similar size. Then the imputing process is repeated k times. At the pth round, p = 1, 2, . . . , k,
Ωp is used as probe set, and the union of the other k − 1 subsets serves as training set. This
way, at the end of the k rounds each known entry has a predicted value , pij , and the error
parameters are computed by using (19.2)-(19.3) with Ω instead of Ω̂.
In cross-validation terminology the error criteria (18.1)-(18.3) are called "Resubstitution
Validation", while the use of one probe set, as in (19.1)-(19.3) is called "Hold-out Validation". The strategy of using the largest number of folds is called "Leave-One-Out CrossValidation" (LOOCV). This option is often used in linear model selection, e.g., [244], but in
matrix completion problems it might be "too expensive", since here each subset Ωp is a singleton {aij } that refers to a known entry of A, and the number of "rounds" equals the number
of known entries. In "Repeated Hold-out Validation" the Hold-out procedure is carried out
a number of times, each time with a different probe set. Then an improved MAE value (or
RMSE value) is gained by taking the mean value over all the runs. Another common strategy
is "Repeated k-fold cross-validation", e.g., [273]. The choice of an "optimal" cross-validation
strategy is intensively discussed in the statistical literature. For example, in data mining and
machine learning applications a 10-fold cross-validation is a common choice, e.g., [16] and
[149]. However, it seems that these issues have not yet received proper attention in the context of matrix completion.
Usually cross-validation is used for three related purposes. Assessment of model's prediction error, tuning model's parameters, and model selection, e.g., [237] and [244]. In particular, it is often used to determine the number of neighbors in k-Nearest Neighbors models, e.g.,
[121] and [199]. In the next section we illustrate the use of Hold-out validation to determine
a suitable matrix rank when solving least squares problems.
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Determining the rank

We have seen that many algorithms achieve imputing by constructing a low-rank matrix that
approximates A. Yet the question of how to determine the rank of this matrix is discussed
in a small number of papers. In the SVP algorithm [190] the matrix rank is determined by
inspecting the singular values of PΩ (A). The singular values are computed one after another
until a signi icant gap is found. In OptSpace [145] the rank is determined by inspecting the
rank of a "trimmed" version of PΩ (A). In JELLYFISH [226] the rank is chosen in two stages.
The initial rank is an integer close to the ratio ν/[3(m+n)]. (This choice is aimed to ensure local
strong convexity.) Then, after running a few iterations, the SVD of the current approximating
matrix is checked in attempt to ind a "gap" in the singular values spectrum. If a signi icant
gap is found then the rank is reduced accordingly.
In several nuclear norm methods the rank is implicitly determined by the regularization
parameter, λ, as the shrinkage operator Sλ annihilates singular values which are smaller than
λ. A similar situation exists in the Hard-Impute algorithm [188].
In the RTR algorithm of Mishra et al. [194], and in GRIP, the matrix rank is gradually increased until a satisfactory solution is reached, but the meaning of "satisfactory" has to be
clari ied. Below we outline a simple "cross-validation" procedure for determining a suitable
matrix rank, k, when solving (1.1).
The idea is to watch the behavior of a "training function" against a "probe function" as k
increases. For this purpose we use a splitting of Ω into a "training set", Ω̃, and a "probe set",
Ω̂, as in (19.1). The number of entries in these sets are denoted by ν̃ and ν̂, respectively. Let
(k)
the matrix B̃k = (bij ), k = 1, . . . , n, denote the solution of (1.1) when this problem is de ined
with Ω̃ instead of Ω. Let
)1/2
(
∑ (k)
(bij − aij )2
τk = (1/ν̃)
(20.1)
(i,j)∈Ω̃

and

)1/2
(
∑ (k)
(bij − aij )2
πk = (1/ν̂)

(20.2)

(i,j)∈Ω̂

denote the related RMSE values. Then τk measures the ability of B̃k to approximate the training entries, and πk measures its ability to approximate the probe entries. That is, πk re lects
the quality of the imputed entries.
The behavior of the "training sequence", τ1 , τ2 , . . . , is characterized in Theorem 4:
τ1 ≥ τ2 ≥ · · · ≥ τn = 0,

(20.3)

and there exists a "minimum rank" index, k ∗ , such that τk > 0 for k < k ∗ , and τk = 0 for k ≥ k ∗ .
The irst terms of the "probe sequence", π1 , π2 , . . . , are likely to follow the decreasing behavior of the training sequence. The decreasing is expected as long as the least squares problem that we solve is highly over-determined and has a unique solution. As we have seen, this
requires that the number of degrees of freedoms, k(m + n − k), should stay smaller than the
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number of known entries, ν̃. However, as k increases beyond a certain point, the solution of
the least squares problem loses its uniqueness. At that point the quality of the imputed entries
starts to deteriorate and the probe sequence starts to behave in a somewhat "random" way.
The "optimal" matrix rank attempts to minimize both kinds of errors. That is, we seek a
value of k for which both τk and πk attain small values. The sequences {τk } and {πk } can be
computed via the gradual rank increasing process (GRIP), and this process is stopped as soon
as the probe sequence {πk } stops to decrease. Then a brief inspection of the two sequences is
often suf icient to determine a good value for k, e.g., [59, 61].

21

Choosing an algorithm

The choice of a method for solving a speci ic imputing problem depends on several factors.
One factor is the size of the matrix at hand. For example, in very large problems one may
consider the use of gradient descent methods that require a minimal amount of extra storage
and low computational effort per iteration. In small problems one may consider faster methods, such as Newton's method. The advent of parallel computing suggests its use for solving
large problems. As we have seen, some methods are easily adapted to this mode (ALS and
JELLYFISH).
A second factor is the percentage of missing entries. Many methods face dif iculties when
only a small percentage of entries is known. The experience gained with random problems
suggests that the rank, k, of the approximating matrix should satisfy an inequality of the form
k(m + n − k) < ν/3.
That is, the number of degrees of freedom should be considerably smaller than the number of
known entries. Hence a small percentage of known entries forces the use of low-rank matrices.
Another common remedy is the addition of a regularization term. See Sections 8.6 and 10.4.
On the other hand, a small percentage of known entries causes PΩ (A) to be a sparse matrix.
This turns out to be an advantage in certain gradient descent methods, and in methods that
are based on iterative TSVD.
A third factor regards the origin of the data and known properties of the data matrix. For
example, we have seen that Euclidean distance matrices have special solution methods. Similarly, if the rows of the matrix can be grouped into clusters of similar rows, as in DNA microarray data, then KNN imputing is a reasonable choice. In some cases the data has a speci ic
interpretation that suggests the use of certain low-rank models. Also, as noted in Section 8.13,
often a hybrid strategy that combines a number of methods gives the best results. (The Net lix
winning team [19, 151, 152] has used a hybrid strategy.)
Another important factor is the application intended for the imputed data. For example,
if the imputed matrix is needed for Factor Analysis then an iterative SVD method might be
suitable. A different type of application arises in recommender systems that achieve imputing
in order to suggest the customer items to buy. This is often done under titles like "frequently
bought together ...", or "customers who bought this item also bought ...". For this task nearest
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neighbors methods, like KNN, might be suitable. (Since there is no need to complete the whole
matrix in order to give such a recommendation.)
Finally we present ive tables that might be helpful when choosing an algorithm. Tables 1
and 2 list the methods described in Sections 6-10, mentioning the optimization technique that
is used and the size of problems that they intend to solve. Table 3 summarizes the experience
gained with these methods. Many experiments were carried out by authors who proposed a
new algorithm. In this case the name of the new algorithm is mentioned in the irst column.
The second column of Table 3 speci ies the other methods which participated in the experiment, while the third column gives the test problems. Details on common test problems are
given in Table 4. Table 5 provides references to various kinds of applications and methods.
Codes for several imputing algorithms can be freely downloaded from
http://perception.csl.uiuc.edu/matrix-rank/
The experiments reported in Table 3 compare methods by recording the number of iterations
and the computation time which are needed for reducing the RMSE value below a given threshold. However, so far, it is dif icult to point on a certain method that has a clear advantage over
other competitors.
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Table 1: Examples of least squares methods
Algorithm
and

Matrix
Optimization method

References

Section
size

Iterative SVD

Proximal point,

[125, 156, 190, 269]

dense/sparse SVD

FRAA [88, 89]

Minimizing the singular values

medium/

6

large
medium

7

large

8.3

"tail"
SROM [59, 61]

Successive rank-one
modi ications

ALS [33, 186]

Alternating least squares

large

8.4

LMaFit [277]

Proximal ALS with line search

large

8.7

OptSpace [145]

Gradient descent with

large

8.8

orthogonal factors
Funk's scheme [92]

"Sparse" gradient descent

large

8.8

JELLYFISH [226]

"Parallel" gradient descent

huge

8.8

Newton method [33]

L-M Newton method

medium

8.9

Wiberg's algorithm

"Separable" Gauss-Newton

medium

8.9

"Separable" L-M Newton

medium

8.9

medium

8.10

large

8.11

large

8.11

[208, 278]
Separable Newton [43]

methods
Newton-Grassmann

Newton method on the

[43, 77]

Grassmann manifold

GROUSE [18]

Gradient descent on the
Grassman manifold

SET [51]

Grassmannian gradient descent
with line-search

LRGeom CG [272]

Riemannian Conjugate Gradient

large

8.12

RTRMC [26, 27]

Riemannian Trust-Region

large

8.12
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Table 2: Examples of rank minimization methods and nuclear norm methods
Algorithm
and

Matrix
Optimization method

References
Hard-Impute [188]

Section
size

Rank minimization via Iterative SVD

medium/

6, 9

large
ADMIRA [165, 167]

Rank min. by selecting optimal sets

9

of atoms
IRLS-GP [198]

Rank min. via gradient projection

large

9

small

10.1.3

large

10.3

large

10.4

medium/

10.4

IRLS
SDP [38]

Nuclear norm min. via Semide inite
Programming

SVT [35]

Regularized nuclear norm min. via
Uzawa's algorithm

Soft-Impute [188]

Regularized nuc. norm min. via
a Proximal Point algorithm

FPC/FPCA [180]
APGL [261]

Regularized nuclear norm min. via
gradient descent

large

Regularized nuc. norm min. via

large

10.4

large

10.4

large

10.5

large

10.5

large

10.5

Accelerated Proximal Gradient
with Line-search
RTR [194]

Regularized nuc. norm min. via
a Riemannian Trust-Region algorithm

ADM [42]

Augmented Lagrangian via
alternating optimization

Primal Dual

Augmented Lagrangian via alternating

PPA [176]

proximal point approximations

AL [225]

Augmented Lagrangian
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Table 3: Examples of reports on numerical comparison of methods
Proposed algorithm

Methods included

Test problems

KNN, ICR, Restricted SVD,

DNA

and reference
Hastie et al. [125]

Iterative SVD
Troyanskaya et al. [269]

KNN, Iterative SVD, Row averages

DNA

Markovsky [186]

ALS, L-M separable Newton, SVT

R, ML

Michenkova [191]

LMaFit, OptSpace, GROUSE,

R, J, ML

SET, SDP, SVT, FPCA, APGL,
ALM [169], ASALM [258]
Iterative SVD [190]

ALS, ADMIRA, SVT, OptSpace

R, ML

LMaFit [277]

OptSpace, FPCA, APGL

R, J, ML, IM

OptSpace [145]

ADMIRA, SVT, FPCA

R, J, ML

JELLYFISH [226]

APGL

R, ML, N

L-M Newton [43]

L-M Newton, Newton-Grassmann,

SFM

Wiberg, ALS
GROUSE [18]

OptSpace, SDP, SVT, FPCA, APGL

R

SET [51]

OptSpace, ADMIRA, SVT

R

LRGeom CG [272]

LMaFit

R

RTRMC [26, 27]

LMaFit, OptSpace, ADMIRA, SVT

R, J∗

Soft/Hard-Impute [188]

OptSpace, SVT

R

IRLS-GP [198]

OptSpace, SVT, FPC, FPCA,

R, ML

FPC/FPCA [180]

SDP, SVT,

R, J∗ , DNA, IM

APG/APGL [261]

FPC,

R, J, ML

RTR [194]

LMaFit, LRGeom, SVT,

R

Soft Impute, FPCA, APG
ADM [42]

SVT, FPCA, APGL, Dual PPA

R, J

Primal/Dual PPA [176]

SVT

R, N∗

ALM [169]

SVT, APG, APGL

R

*Using a probe function
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Table 4: Common types of test problems

Problems

References

Abbreviation

Random matrices

Section 10.6

R

Net lix data

[20, 92, 203, 256]

N

Jester data

[26, 105, 180, 257, 261]

J

Movi Lense data

[49, 198, 257, 261]

ML

DNA microarray data

[125, 269]

DNA

Structure from Motion data

[33, 43, 44]

SFM

Image inpainting

[180, 277]

IM
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Table 5: Examples of applications and related topics

Application

References

Statistical treatment

[5, 10, 14, 15, 64, 73, 101, 120, 123, 153,

of missing data

172, 173, 187, 230, 231, 236, 276, 278]

Business reports

[52, 90]

Operations management

[270]

Psychometrika

[86, 146, 266]

Hydrology and Meteorology

[47, 53, 61, 129, 143, 155, 158, 252]

Biology and Medicine

[68, 78, 137, 213, 214, 217, 279]

DNA microarray data,

[9, 11, 12, 13, 45, 74, 111, 148, 216, 259]

Clustering methods
DNA microarray data,

[24, 31, 32, 88, 89, 94, 125, 147, 204, 242,

Imputing methods

269, 275, 286]

Computer vision and SFM

[28, 30, 33, 44, 117, 134, 135, 208, 264]

Recommender systems

[7, 19, 20, 40, 46, 92, 104, 127, 128, 151, 152,

and collaborative iltering

156, 203, 209, 212, 255, 256, 257, 289]

Data mining, information retrieval

[97, 157, 182, 219, 220, 221, 222, 246,

and machine learning

290, 291]

Chemometrics

[116, 201, 262, 274, 284]

Principal Components Analysis

[71, 87, 116, 131, 132, 133, 164, 215, 220,

(PCA) and Factor analysis

221, 232, 246, 278, 282, 297]

Robust PCA methods

[36, 169, 170, 245, 285]

Euclidean distance matrices

[79, 96, 102, 112, 114, 138, 139, 140, 141,

and other special matrices

161, 162, 163, 168, 268]

Missing values in Tensors

[4, 41, 95, 107, 113, 122, 150, 154, 174, 175,
223, 247, 261, 262, 265, 274]

Arti icial Neural Networks

[1, 78, 98, 119, 143, 155, 183, 184, 195,

(ANN)

196, 197, 202, 252, 294]

Genetics algorithms

[1, 196, 197, 202, 213, 218, 294, 295]
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Concluding remarks

The need for imputing missing entries of a data matrix arises in many applications. The current list of references is only a sample of the vast literature on this issue. The interest in the
problem has been rapidly increasing in recent years, especially in "modern" areas, such as
computer vision, DNA microarray data, and recommender systems. The review exposes a
surprising variety of imputing techniques. It concentrates on the ideas behind the methods
and the ways these ideas are transformed into working algorithms. This enables us to identify
a number of basic principles and tools which are shared by several algorithms.
Observe, for example, that KNN, ICR, restricted SVD, and iterative SVD, are based on a similar principle: The missing entries in a certain row (or column) are computed by comparing
this row against some other rows (or columns). Similarly, several iterative algorithms proceed by generating a sequence of admissible matrices, Aℓ ∈ A, ℓ = 1, 2, . . ., such that Aℓ+1 is
"better" than Aℓ in some sense. In many methods Aℓ is obtained from a low-rank matrix, Bℓ ,
that solves a certain "proximal" problem. The sequence {Bℓ } is designed to converge toward a
solution of (1.1), or a regularized form of this problem. In nuclear norm methods Aℓ and Bℓ are
replaced by Zℓ and Xℓ , respectively. Note the similarity between the regularized least squares
problem (8.17), the regularized nuclear norm problem (10.38), and the Lagrange functions in
Section 10.5.
Another idea that repeats a number of times is that of the alternating least squares (ALS)
algorithm. It is this feature that makes the problem "separable", a property which is used by
several algorithms. Similar least squares problems are solved in FRAA, GROUSE, IRLS, and in
the Augmented Lagrangian method for solving (10.59). Further types of linear least squares
problems arise in OptSpace and in Trosset's method.
The ield of matrix imputing methods is rich in elegant schemes and ingenious ideas. Some
of the more popular methods are based on simple intuitive ideas, e.g., KNN, ICR, Iterative SVD,
and ALS. On the other side of the spectrum we can ind highly sophisticated methods like
FRAA, minimization on Grassmann manifolds, or Trosset's algorithm. Arti icial Neural Networks and Genetics algorithms are examples of imported tools which are harnessed to solve
the imputing problem. Recently the Net lix competition has attracted a lot of attention and
motivated several innovations, such as Funk's steepest descent scheme, rank minimization,
and nuclear norm minimization.
Indeed the nuclear norm approach has brought several new ideas. Perhaps the most remarkable one regards the possibility to achieve exact recovery. The irst attempt to implement
this approach relied on Semide inite Programming, but this method is not suitable for large
problems. Recent algorithms are based on the shrinkage operator, Sλ , which is computed via
ef icient implementations of Lanczos method or a Monte Carlo method. This innovation paves
the way for solving large nuclear norm problems. The role of Sλ is similar to that of the Truncated SVD operator, Tk . As we have seen, the basic scheme for solving regularized nuclear
norm problems can be viewed as variant of Iterative SVD in which Tk is replaced by Sλ . A
third matrix operator, Eε , is used in Robust PCA methods.
Although there is a plethora of methods, the imputing problem is not always "solvable"
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in the sense of achieving satisfactory recovering. Consider for example a permutation matrix
from which some ones and zeros are deleted. Then none of the methods mentioned above
is able to trace the original matrix. Another example is a "random" matrix whose entries are
"random numbers" that obey the same distribution function. In this case the best that we
can do is to substitute each missing entry by the average value of the known entries. This
solution might be satisfactory in some cases, but there is no way to restore the "true" values
of lost entries. We have seen that exact recovery is expected under certain conditions. Yet it
is dif icult to ind real situations in which this property holds.
The fact that the problem is not always solvable stresses the importance of using "probe"
functions to assess the quality of the imputed entries. This "cross-validation" idea can be used
to determine a proper matrix rank, k, when solving (1.1).
A further conclusion that stems from our survey is that no single algorithm is able to handle
all types of problems. The choice of a suitable imputing method depends on the origin of the
data, on known properties of the data, and the applications intended for the data.
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List of Symbols

A = (aij ) a real m × n matrix with missing entries.
Ω = {(i, j) | aij is known} the set of known entries.
ν the number of known entries in A.
PΩ a matrix operator that sets zeros in entries (i, j) ∈
/ Ω.
A = {X = (xij ) ∈ Rm×n | xij = aij when aij is known} the set of admissible matrices.
Bk = {B | B ∈ Rm×n and rank (B) ≤ k} the set of low-rank matrices.
∥x∥2 the Euclidean norm of a vector x.
∥X∥F the Frobenius norm of a matrix X.
∥X∥∗ the nuclear norm of a matrix X. (The sum of singular values.)
Tk (X) the rank-k truncated SVD of a matrix X.
τk (X) the "tail" function of a matrix X.
Sλ (X) the "shrinkage" of a matrix X.
< X, Y >= trace(X T Y ) the inner product between matrices.
m
Gm
k the Grassmann manifold: The set of all k-dimensional subspaces in R .

[B] the k-dimensional subspace of Rm which is spanned by the columns of a rank-k matrix
B ∈ Rm×n .
B∗k = {B ∈ Rm×n and rank(B) = k} a Riemannian manifold.
∗
m
∗
TB the tangent space of Gm
k (or Bk ) at a point [B] ∈ Gk (or B ∈ Bk ).
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